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COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS 
PERTAINING TO R-CURVES IN LOW AND 
HIGH DUCTILITY SOLIDS 
Abstract 
RABINDRA NATH DASH 
Existing linear elastic fracture mechanics and J­
integral analyses are well suited for safety assessments of 
high-str�ngth, low-toughness materials. These analyses apply 
only to the onset of crack growth, which is usually tantamount 
to crack instability and structural failure in that class of 
materials. However, this is not the case for the low­
strength, high-toughness materials in which crack instability 
may be preceeded by extensive stable crack growth under ris­
ing loads. Here, a substantial margin of safety may exist 
even when the onset of crack growth is imminent. 
This thesis describes research leading to a ductile 
fracture-mechanics methodology designed to treat two-dimen­
sional, large-scale yielding and stable crack growth problems. 
The linear plasticity model of moving cracks (Wnuk, 1972-
1978) is used to obtain predictions concerning the material 
toughness associated with the preliminary crack extension 
(R-curves), and to calculate the critical p2rameters, e. g. ,  
the load and crack size at which a transition to unstable 
brittle-like fractures will occur. One important finding of 
this work is that parameters truly reflecting the state of 
the crack-tip process zone are not functions of the extent of 
stable crack growth when the mode of fracture (full shear 
or flat) remains fixed. The possibility exists, therefore, 
that useful, stable growth parameters can be evaluated from 
the state of the crack tip at the onset of crack extension. 
NOTATION 
B, Bn, ¢·0, ¢ 0, m' = Shape factors 





= Initiation level of the J-integral 
= Toughness parameter (Rice's integral) in the sub-
critical range 
= Toughness parameter taken as the stress intensity 
factor 
= Stress intensity factor attained at the point of 
terminal fracture 
= Toughness parameter (or stress intensity factor) in 
the subcritical crack growth range 
P = Load 
Q = Dimensionless load parameter 
Q f = Loading parameter at the instability point 
R = Material resistance parameter taken as the extent of 
the yielded zone 
= Resistance at terminal fracture 
= Toughness parameter (length of the yielded zone) 
in the subcritical crack growth range 
= Tearing
Amodulus proportional to the crack tip opening angle, $1 � 
X = Dimensionless crack length, X = a/R00 
x0 = Non-dimensional initial crack size 
Y
f 
= Non-dimensional resistance level at the critical point 
= Ductility parameter, a measure of the non-dimensional 
threshold toughness 
Y = Non-dimesional 1 steady state limit of the material oO toughness 
a = Crack length 
= crack length at the transition from stable to unstable 
propagation 
b = Width of the plate 
Ratio of the effective yield stress at the crack tip 
to the uniaxial yield stress, '11 = o
y
/Oy s 
Initial stability index 
Ultimate stress 
Yield stress encountered at the crack front 
Oy s = Uniaxial yield stress 
6 = Process zone size 
E� = Plastic Component of s·crain at fracture 
C.y = Strain at yield 
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Let us define the basic quantities pertinent in the 
fracture mechanics analyses developed in this thesis. 
Crack growth...,resistance can be measured _by either one of 
the following parameters: 
(a) Mat8rial toughness, KR' is a quantity which encom­
passes the critical crack size, ac' and the critical load, 
Fe. Dimensions of KR are ksi Jin in the customary United 
States units, and ( PaJrn), in the metric system. 
(b) Stress intensity factor, K, defined by the relation 
K ;; � 0{ �(r, e ) J 2 irr J (see Figure BB) 
is a quantity which measures the increase in stress at 
the crack tip above that away from the crack. It encom­
passes such variables as the crack size, load and the 
dimensions of the specimen. The elastic-plastic stress 
field in the immediate vicinity of the crack tip can be 
described by two parameters K and J, as shown in Figure AA. 
(c) J-integral, J or JR' is a path-independent contour 
integral defined by Rice (1968) as follows 
J = J (U dy - Ti;:� ds) 
f1 • . Here U denotes the strain energy density, Ti are the tensile 
stress values at the points, i, chosen for evaluation along 
the contour r,, and u. are the displacements at the i 
i 
points while ds is an increment of arc length measured along 
the-contour of integration (the contour rand coordinates 
x and y are shown in Figure BB). 
(d) The extent of the plastic zone around the crack tip, 
2 
R or RR is a quantity shown in Figures AA and BB. a0 is 
initial crack length before load is applied. a is the vari­
able crack length after the load is applied, and 
• �a = a - a0 
A plot of any of the parameters listed above against the 
extent of slow crack growth fl.a, is referred to as an "R­
curve", or "resistance cur,3". The quantities like load F 
and crack length "a" are customarily non-dimensionalized as 
follows: 
load is divided by the cross section area of the 
specimen A to give the nominal stress O= F/A. This stress, 
in turn, is divided by the effective yield stress 6'y en­
countered at the crack tip, and multiplied by the factor 
-rf/2, to give the dimensionless loading parameter, Q, 
(used in the plot shown in Figure A), i. e, 
Q = iro/2 � 
crack length "a" can be nondimensionalized in two 
different ways, namely 
x = a/a or x == a/Rss 
The linear dimension 4 is a microstructural constant depen­
dent on the metallurgical processes involved in manufacturing 
a given alloy. ( A is sometimes called "the process zone 
size") . The final act of decohesion (fracture is believed 
to occur in the volume of the process zone. The quantity 
Rss {or R00 ) corresponds to the steady-state extent of the 
plastic zone around the crack. R 60 is the upper limit of 
R beyond which the material fractures. It is rarely 
achieved in actual structures because they are designed to 
avoid this event. It is a useful quantity, though, in 
theoretical considerations aimed at predicting the occur­
rence of the stable/unstable transition of fracture mode 
in ductile metals. 
Similarly, the extent Jf the plastic zone R is normal­
ized as follows 
Y = R/A or 
Quantities y and Y are nondimensional measures of material 
resistance to ductile fracture. 
(e) Tearing modulus is defined as the ratio of the crack 
/\ 
opening displacement S (given as S in some papers), shown 
in Figure BB, and the crack tip process zone size A , i.e. , ,. 
tearing modulus = S / A 
Equivalent definitions of the tearing modulus used on pages 
/\ " 
38 and 47 are R/A = (7T'E/8 0-y) ( S/A) 
n = R/6 - ½ log ( 2 e) 
The physical meaning of the tearing modulus in the fracture 
theory is analogous to that of the strain hardening expo­
nent used for the description of the deformation process. 
The three modes of fracture (I, II, III) are shown in 
Figure CC. 
J 
The defect size is thus defined in this thesis as the 
initial crack length. 
4 
The fracture toughness of material varies from the plain­
stress condition to the plain-strain condition. In the plain­
strain condition, it is described by a single value, whereas 
this is not so in the plain-stress condition. In the plain­
stress f�acture, cracking occurs slowly so that fracture 
instability depends on the crack growth resistance, KR' and 
the characteristics of the structure containing the crack. 
The relationship between KR and crack length, a, has been 
studied by several authors, e. g. E. J. Ripling (1970), 
Cherepanov (1968), M. P. Wnuk (1971-1978). 
The differential equations relating to the crack growth 
resistance and crack length have been established by Wnuk 
for plates in tension, and for thick-walled cylindrical 
pressure vessels weakened by a crack originating from the 
inner surface. It has been shown that the point of insta­
bility occurs in most cases when the stress intensity factor 
at the crack tip begins to increase more rapidly than the 
crack growth resistance, KR. 
In the work presented in this thesis, the differential 
equations describing material resistance in the subcritical 
crack growth range established by Cherepanov and Wnuk, have 
been integrated, and the values of fracture resistance 
measured by either R or KR have been compared with experi-
.5 
mental data on crack propagation available in the literature. 
Experimental data were taken from Ripling (1970), Wilhem and
FitzGerald (1975), Ratwani and Wilhem (1975, 1977), Fatto­
rini, Mirabile, Podrini, and Spadaletti (1978), Ripling and
Falkenstein (1970), the Armco Company, Griffis and Yoder
(1976), and Creager (1973). 
Existing linear elastic fracture mechanics and J­
integral analyses are well suited for safety assessments of 
high-strength, low-toughness materials. These analyses 
apply only to the onset of �rack growth, which is usually 
tantamount to crack instability and structural failure in 
that class of materials. However, this is not the case for 
the low-strength, high-toughness grades such as those used 
for nuclear reactor pressure vessel, see Table A, in which 
crack instability may be preceeded by extensive stable crack 
growth under rising load. Here, a substantial margin of 
safety may exist even when the onset of crack growth is 
imminent. 
In the cases considered in this thesis, all three ranges 
of material behavior, brittle, semibrittle, and ductile, are 
encountered successively, see Figure A. The crack initiates 
in the small-scale yielding range at R/a <<l, then continues 
to grow in a stable manner until the R/a ratio rises to 
values around (or near) one (intermediate rapge). Finally, 
the large-scale yielding range is entered. Since the final 
stage of the stable cracking process occurs at every increasing 
R/a-values, the terminal instability occurs in the near­
yield or the post-yield range. 
6 
The upper toughness limit (R00 ) predicted for the small­
scale yielding situation may never materialize in an experi­
ment involving specimen sizes too small to ensure a 
containment of plasticity effects (indeed, very few experi­
mentalists have ever seen the upper plateau for R or J ss 
predicted from the small-scale yielding solution). The 
theory presented here allows one to extend the limits of 
applicability of the earliE� solutions (of Wnuk (1972), 
Rice and Sorensen (1978)) valid within the contained plasti­
city range. 
For large structures, however, such as nuclear reactor 
pressure vessels, there exists the interesting possibility 
of tapping the reserve strength that the materials possess 
in their inelastic region. This becomes apparent upon an 
examination of graphs shown in Figure B. Three fracture 
loci i. e. , the initiation, terminal and the upper-plateau, 
steady-state limit of fracture toughness are shown. The 
domain contained between the lower and upper lines depicted 
in Figure A may serve as a measure of the unused portion of 
the theoretical strength of a ductile material. It is note-
worthy that while the two extreme lines in Figure A represents 
material properties pertinent to fracture initiation and the 
maximum strength, respectively, the middle line can be shifted 
up and down depending on geometry and loading configuration 
of a structural component. Therefore, it is in this region 
that design and materials science are expected to interact. 
One important finding of this work is that parameters 
tru ly reflecting the state of the crack tip process zone 
are not functions of the extent of stable crack growth when 
the mode of fracture (full shear or flat) remains fixed. 
7 
The possibility exists, therefore, that useful, stable growth 
parameters can be evaluated from the state of the crack tip 
at the onset of crack extension. 
8 
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Fig. A Phases of crack development in a thick 












(RESER.Vt �TTIULTH) - .._ -
TbPJ'-uNAL 
Il1lTI.nTIOE LCC"G� 
(IDC.AL IrbT ABILITY) 
Crack lengtn a 
� 
FiE;. B Thr€€ ranges of cr .. 1ck &l c1,th 
I :tfo c;ro'k-th 
II �table (or subcri tic.;l) £;rm-rth 




'J l_ ·near E I a 5 r , c 8 eh m, , or 
Elost,c Q field 
0 
P 1ast,c zone 
J - t1eld 
r rJon - L,,.t"'ar [las•,c Representation Qf L a,ge :-;,-ale Y ,efd ,n q 
£1ost1c 0 field 
0 
b Linear Elost,c Behavior with 




GC - field 
d Stobie Crack Growth Accompan,ed br Large Scale Y1eld1ng 
F -. e :AA Scht>matfr Rr•prcsentation of thC' Strt.."SS Fields of Cracked igur P,ocf ies: (a) and (b) Linear Elastic Behavior 1,1,ere LEF'.! is Applicable (c)� Largr•-Scale Yielding t?here J-Integral Analysis is Applicahle, and (d) Crnck Growth Accompanied by Large­Scale Yielding where no Current Analysis Techniques are Applicable. 
11 



















THREE POit?f BEND TEST 
Schematic representation of the el.astic -plastic 




Modes of crack tip de!omation fie1d 
( 81TOWS indieate load$) -
I Opeftin& Mode 
II In-ple.ne shear t,A.ode. 






R-CURVE CONCEPT AND INSTABILITY CONDITONS 
The plastic-zone size for monotonic loading has been 
determined for edge and internal cracks in finite width 
plates in uniaxial tension at all stress levels up to 
general yielding. Also, for small-scale yielding, the plas­
tic zone size may be symbolized in terms of the elastic 
stress intensity factor, or in terms of loading parameter, 
Q, and the current crack length, a, as 
R = R (Q, a) (2. 1) 
While the mathematical form of the strain singularities 
may be determined for extending (moving) crack, no complete 
solutions have been obtained. It is easy to show that the 
elastic/plastic boundary for monotonic loading cannot be the 
boundary for and extending crack under the same load, and at 
the same crack length. Thus, the strain-singularity equation 
serves only as an estimate of the extent of yielding in 
front of an extending crack. If a0 is the initial crack 
length, then the crack extension is initiated at a value of 
the applied load satisfying the relation 
R (Q,a0) = [RR (6a
� 
a =  0 
Here the symbol RR (Aa) denotes the material resistance 
to fracture which turns out to be a function of the amount 
of the true surface separation 4la = a - a0. 
Stable crack extension begins under an increasing load 
1.5 
so that, when the crack has extended an amountAa, the load 
is given by 
Differentiating both sides with respect to Aa leads to 
d R (Q, a0 + iia) dQ �R (Q, a0 + �a) --------- + 0Q da 0a 
(2.2) 
(2.3) 
and the instability point is reached when no further load 
increase is required to maintain the crack extension, dQ = 
da O. 
At the instability point, equation (2.3) reduces to 
(2.4) 
The load at the instability, and the amount of prior stable 
crack extension, are given by the simultaneous solution of 
equation (2.4) and equation (2.2). 
The condition at instability could also be expressed in 
terms of variable fracture toughness, KR = KR ( A a) . For a 
small-scale yielding situation, there exists a simple, unique 
relationship between the resistance RR (�a) and the fracture 
toughness KR ( A a), Rice (19651 ,rKR (Aa) RR ( A.a) = 2 8 0-ys (2.5) 
in which ,Aa denotes the increment of crack langth generated 
during the slow, stable-growth process, and �s is t�e uni­
axial yield stress. The stress intensity factor is a function 
of loading parameter, Q, and the crack half length "a" 
K = K{a, Q {a)) (2.6) 
I. 
16 
in which Q is an unknown function of a. The slope dK 
da 
should be computed as follows 
dK OK + 'oK dQ 
da da c)a oQ 
This slope which reflects the state of stress near 
the crack tip should be compared with the material resis­
tance measured here by the slope of the KR vs. a curve. At 
instability, both slopes become equal (note that a =�a + a0, 
while 0/oa =0/0 (6a) ): 
dK ( a0 · + � a , Q ( a0 + A a) ) 
d( A a) 
= 
(2.8) 
Recalling that dQ/da vanishes at the point of instability, 
we obtain the condition analogous to equation (2.4) 
OK(Q, a0 +Aa) _ dKR (Aa) 
oa - da ( 2. 9) 
This equation, and also the requirement of equality between· 
the stress intensity factor and fracture toughness according 
to Irwin's criterion for failure: 
(2. 10) 
supply all the information necessary to evaluate the para­
meters pertinent to the instability point. The usual 
parameters needed for such a description are given by one 




J) (Rf , af) 
The symbol af is used to denote the crack length at 
the transition from stable to unstable propagation, while 
Kf denotes the stress intensity factor attained at fracture; 
Qf is the load at fracture, and Rf is the resistance (as 
defined by equation (2.5) at fracture). 
Figure 1 describes the plastic-zone size, R(a), Rice 
(1968b), for a quasistatic crack. It is a universal curve 
for a given material under the condition of small-scale 
yielding. The initiation and steady-state extension values 
are labeled as R0 and R 00 respectively. The family of lines 
originating at the origin (Aa = -a0) represents the varia­
tion of the plastic-zone size with crack length at fixed 
values of the applied load Q. It is seen that the insta­
bility load satisfying the equations discussed above 
corresponds to the member of this family which tangentially 
touches the R curve (i. e. , RR = RR {a)) for quasistatic 
extension. The amount of stable crack growth, and the final 
resistance level attained at the end of stable growth phase, 
are determined by the point of tangential contact, see 
Figure 1. It is s·een that the resistance to failure attain­
ed in a fracture test which involves the slow stable phase 
of crack propagation is bounded by two material properties 
R0 � Rf � R ( 2 . 11) 
Therefore, it may be concluded that although both lower and 
upper bounds on the material toughness encountered at the 
instability point are material constants, the actual value 
of R at fracture (i. e. Rf) is not a material property. R 
has to be determined for a given geometrical and loading 
configuration from the equations (2. 2) and (2. 4) or, 
alternatively, fr·om the set of equations ( 2.9) and (2.10) . 
18 
Before these equations may be applied, though some 
additional information concerning the shape of the material 
R-curves (either RR vs. a, or KR vs. a curves) is required. 
Both these curves can be derived from the first principles 
of continuum mechanics combined with the theory of non­
linear fracture mechanics. For this purpose certain non­
linear differential equations of the general form have been 
derived by. Wnuk (1972, 1973, 1974, 1977) 







DIFFERENTIAL EQUATIONS GOVERNING THE FRACTURE RESISTANCE 
DURING THE SLOW, STABLE CRACK-GROWTH STAGE 
3 . 1  R vs. �a Resistance Relation 
The following differential equations governing 
crack-growth resistance within restrictions of the small­
scale yielding condition are given by Cherepanov (1968) and 
Wnuk (1972) respectively 
3 
. - R co RR 
19 
RR (J. la) 
dRR = da 
1 log (RCQ/RR) 2 
(J. lb) 
These two equations can be transformed into the (KR, a) 
plane. Assuming the small-scale yielding solution, which is 
valid for an arbitrary geometry,given by Wnuk (1972). 
2 
,rKR RR = 8 tr-2 
ys 
we calculate the differential 
dRR = ( 11j'8 � is ) 2KR dKR 









dKR ,r KJ 
da 
4(Gs log(Koo /KR) 
,r KR (J. 4b) 
(J. 4a) 
Before we proceed to solve (numerically) the non-linear 
differential equations given above, let us consider some 
closed-form solutions which can be obtained for an asymp­
totic case of near-critical crack as RR approaches R. The 
physical meaning of such solutions is limited to the quasi­
brittle solids which exhibits only a negligible amount of 
stable cracking. Nevertheless, it is of interest to study 
the solutions resulting for such a limiting case from 
equations (J. 1) to (J. 4). 
Consider the difference 
(3.5) 
to be a small quantity. Then the second of equations (J. l) 
can be linearized as follows 
The right hand side of equation (J. lb) becomes linear, if 
higher-order terms are neglected. 
(J. 7) 
This form can be integrated as follows 





which is identical to the solution . of Cherepanov ' s  equation 
(J � la) 
RR ( A a) = R - ( R - R ) exp ( 
J ( a - ao ) 
} . 
oo aa o l - 2 R oa (3 . 9) 
This result will be used as the R vs. ( 6 a ) relation later . 
J . 2  KR vs . 4 a Resistance Relation 
Equation (J.8) can be re-written in terms of the stress 
intensity factor KR as 1 
KR (4 a) = {  K!o - (K!, -Ki) exp C _4_:__.�..._s ___ ( a __  -_a ____ o_J}2 
t_ " K� ( 3 . 10) 
Figure 2 illustrates the accuracy of the linearized solution 
as compared with the numerical solutions of the non-linear­
ized equation (the graphs are obtained for various initial 
conditions as indicated in Figure 2). 
Let us now consider the transformation of equation 
(J . la) into the domain of the variables loading parameter 
and crack length, (Q, a) . To this end we shall need to 
specify the geometrical configuration of the test piece in 
question. 
Consider a central crack placed in an infinite plate. 
The small-scale yielding solution for such a geometry pre­
dicts the following relation between the length of the 
plastic zone, R, and crack size, a .  ( See Figure 1) 
() ys (J . 11) 
Since in the subcritical range, the loading parameter, Q, is 
also a function of a, Q = Q (a), we have 
I ' 
dR = 1 { 2Qa dQ + Q2 J da 2 da 
Substituted into equation (J. lb), this yields 
dQ = log ( 2&e(aQ2 ) - Q2 
da 2 Qa 
2 2  
(J.12) 
(J. 13) 
We note, first of all, that the slow growth occurs only 
when the slope dQ/da is positive, while at dQ = O the trans­
ition to unstable fracture ensues. Therefore, the locus of 
final instability points is obtained by requiring 
log (2RjaQ2) - Q2 = 0 at instability. 
3 .  3 Terminal Q vs. ( 4 a) Relation 
(3. 14) 
The resulting locus of critical loads and crack sizes 
(Qf, af) is shown in Figure J. 
An example of the integral of equation (J .13)  for 
Q = Q(a) {J. 15) 
was obtained £ram computer programs through integra-
tion  and is given in Figure 4. It may be of interest to 
compare these results with the similar solutions obtained by 
other authors, such as Cherepanov (1970) and Morozov (1970). 
For the central crack in an infinite plane considered here, 
these authors obtained the following equations 
g_g_ 2 2 = - xQ ( Cherepanov) dx 2 x2 QJ (J. 16a) 
gg 2 2 - xQ (Morozov) = dx x2Q (J. 16b) 
/ .  , ,  
23_ 
Thes·e eq_uations are both non-linear, but the second one has 
been integrated in a closed form by Wnuk (1972) 
Q ( x)  = � {4 (x-x0) + ❖� }  ½ 
Here x denotes the dimensionless crack length, x = 
( 3. 17) 
a/Hoo 
and Q0 = 1r5a/2 G"9ys 
is the load of fracture initiation. 
Fig ure 5 graphs these three Q (x) equations for the 
specified initial condition. The middle curve can be 
approximated by the closed-form solution which follows from 
the linearized theory of Wnuk, from equation _ (J. 7). For 
RR _..l the following approximation may be used 




7 t ½ 
� i  1- (1--2- ) �JJ ( J. 18) 
The curve Q = Q ( x) which results from this equation is 
plotted vs. non-dimensional crack length in Fig ure 6. It · is 
seen that both the results converge when the quantity 
Q�x0/2 approaches unity, i. e. (R0-+l). 
Let us consider now a finite-width panel containing a 
central crack. The pertinent equations were given by Dugdale 
(1960) : R = Q�a sec [ �� J 
Roo Q2x sec [ px/x01 2 
The dimensionless quantities are defined as follows 
x = a/R00 , p = ,ta0/ 2b 
and 2b denotes the width of the plate. 







· log (i;Q2x sec (px/x0 )]-Q
2 �+ (px/x0 ) tan (px/x0
]sec (px/x0 ) 
dx 2 xQ sec (px/x0 ) (3. 21 ) 
Numerical integration of equation (J. 2 1 ) yields the results 
which are plotted in Figure 7 for different values o f  p. 
The terminal instability states are distinguished on the 
graphs of Q = Q (x ) shown in Figure 8 as maxima points, and 
they are denoted ( Qf, xf) . Table 1 summarizes the results 
obtained from a series of computer runs, and describes the 
locations of the critical states obtained at various ratios 
of  the initial crack size to the panel width p = rra0/2b; 
xo = ao/Roo -
Finally, Figure 9 shows the trend of  thi experimental 
(upper curve ) and the theoretical data (lower curve) per­
taining to the effect of the panel width, b, on the load 
at instability, Qf. Although the curves shown differ in 
magnitude, they have similar trends . The experimental 
curve in Figure 9 was obtained from the data quo ted by 
Creager ( 1973) . 
3 .4 Transition to Unstable Fracture 
The point of instability is obtained from the conditio n 
� = 0 da 
(3 . 22 )  
It is of interest to derive an approximate, closed-form 
equation  defining the location of  the terminal instability 
points . This can be done by utilizing the equation (3. 18) 
which resulted from the linearized theory o f  Wnuk . Computing 
, . 
I • ' . 
dQ/dx from equation (J. 18) , and setting it equal zero, we 
obtain 
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{ 1+. 5 (  4 x+x0 i} exp [_- 4 x/2] - ( 1- 1'0 ) -l = o ( 3 . 23 ) 
in which A x  = lla/R00 , -f0 = R0/R00 , or f0 =Qix0/2 and 
x6 = a0/R 00 . This equation can be solved numerically for 
the critical crack length, xf, or for the amount of slow, 
stable growth, Ax
f
. For any given initial conditions (x0, Q0), 
the transcendental equation (3.23) yields solutions x = xf, 
given in Table 2. 
Graphs shown in Figur� 10 illustrate the dependance· of 
the amount of slow crack growth on the initial crack size, 
a0, and . the threshold load, Q0. The broken curves show the 
analogous predictions obtained from the closed-form solution 




For a given set of the initial values describing the load 
and crack size at the initiation of growth, the factor 
can be evaluated. This factor appears as the 
slope of the straight lines shown in Figure 11. 
To conclude this section, let us integrate the three 
differential equations describing load vs. the current crack 
length during the subcritical growth stage, Q = Q (x). The 
equations are valid for the infinite plate/center crack 
geometry. They can be written in the following way 
l . 
l ·  
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( a ) dQ = 2-xQ
2 
dx 2 x2Q3 
( Cherepanov) 




( c )  dQ log( 2/xQ2 � - Q 2 
dx 
= 
2xQ (Wnuk) (J. 26) 
Examples of the resulting integral curves are shown in Figure 
5 .  The 1:1axima points on these curves indicate the location 
of the terminal instability states. For a given set of the 
initiation values of crack size, x0, and load level, Q0, 
the computer program evaluates the critical point (xf, Qf). 
The results are gathered in Table J . To illustrate the 
effect of the initial parameters, x0 and Q0 , on the crack 
size and load at instability, the following graphs 
are plotted as shown in Figures 11, 12, 13, and 14. It is 
seen that the critical parameters are only weakly dependent 
on the respective values of such parameters as the point of 
initiation of the crack. In other words, xf vs. x0 and 
Q
f 
vs. Q0 are not rapidly changing functions . This is not 
so in the case of the relationships xf vs. Q0 and Qf vs. x0 . 
This can be seen from Figures 12 and 13 in which rapid 
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variations are observed. 
The quantity 
( 3 .27 ) 
is a measure of the material toughness at the instability 
point. Table 4 shows the summary of results pertaining to 
the non-dimensional toughness Yr = (Rf/R ) .  Similar results 
obtained from Wnuk's equation 
.QX = 1 log 1 dx 2 y ( 3 .  28 ) 
are gathered in Table 5 . The terminal toughness, yf, is 
seen to decrease with an increase of the initiation load 
level if the initial defect size is kept constant. This is 
seen from the first two columns of Table 5 :  an increase in 
Yo at the constant x0 corresponds to an increasing threshold 
load, according to the equation 
1 2 Yo = 2 xOQO (3 .29) 
The last column of Table 5 representing a case of long 
cracks shows an almost constant toughness parameter, Yr (or 
a slightly reversed trend is observed ) .  I t  is of interest 
to see that a long initial crack gives rise to a much more 
. pronounced stable crack growth leading in effect to a higher 
terminal toughness parameter (both Yr and th� amount of slow, 
· stable growth, xf ' increase as the initial defect size is 
increased ) .  These observations are drawn from examination 
of Figure 15 a, b, and c. 
: 
, · : 
I • 
I 
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CHAPTER 4 
MATCHING THE EXPERIMENTAL AND THEORETICAL RESULTS 
4. 1 R-Curve for the Small-Scale Yielding Case 
Laboratory data pertaining to the measurements of 
fracture toughness associated with stable crack growth for 
various aluminum alloys and steels are now compared with 
the theo�etical predictions derived on the basis of equa­
tions given in the preceeding sections. 
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The first alloy to be so compared is 7475-T61, which 
was thoroughly investigated by Heyer and McCabe (1971) at 
ARMCO, and later by Sullivan, Freed and S toop (1973). Their 
results are replotted in a non-dimensional coordinate system 
y = �/Kao , 4 x = 4a/R 00 (4. 1) 
as shown in Figure 16. The normalizing constant R
60 
was 
obtained from the known material parameters 
as follows 
(> = 73 ksi, Ktt- = 125 ksi V in ys ""' 
R 00 = ,r K�8 �s - = 1 . 142 in 
( 4 . 2 ) 
(4. J) 
The curve (a) in Figure 16 shows the experimental results. 
Curve (b) resulted from the numerical integration of the 
slow growth equation (J. 4b) which is applicable to a small-
scale yielding situation. In terms of the dimensionless 
variables, equation (3. 4b) is 
gx = '1) 2 dx 2y log (1/y) 
I . 
, , _, 
I , 
! . 
Here the coefficient � denotes the · ratio of the effective 
yield stress 6y encountered at the crack tip to the uni­
axial yield stress, 7\ = °y/ °ys . 
The discrepancy between experimental and theoretical 
results is too high to be blamed on numerical inaccuracy . 
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It is likely that the theoretical model is defficient in 
that it applies only to a perfectly elastic-plastic behavior, 
while in fact the 7475-T61 exhibits a distinct work harden­
ing . Such work hardening will tend to increase the slope 
dKR/da, as plotted in Figure 16 . If a two-fold increase 
of the initial slope of the theoretical result as given by 
equation (4 . 4) is allowed, the resulting curve approaches 
the experimental data, compare curves (a) and (c) . Such a 
change in the slope of the ·R-curve corresponds to the effec­
tive yield stress/uniaxial yield stress ratio 'Y\ = IT = 1 . 41-
(or a 41% increase in the yield strength encountered at the 
element adjacent to the crack tip) . If '>'} is assumed {5 = 
1. 732 ,  then the theoretical curve (d) converges with the 
experimental curve for a substantial range of the stable 
growth . 
It should be emphasized that the R-curve discussed here 
is a genuine material characteristic, independent of the 
initial crack length, specimen geometry, and boundary load­
ing conditions- . This is not the case for the large-scale 
yielding situation discussed in the following section . 
I . 
, . _, 
I . 
I • . 
l 
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A similar case is illustrated in Figure 17 in which the 
experimental R-curve for aluminum alloy 70 75-T7, as given 
by Wilhem and FitzGerald (1975), is plotted in the non- · 
dimensional coordinate system 4x = (a - ao) /R oo and y = KR/Koc:> 
The normalizing constants for the alloy 70 75-T7 are 
er = 67 ksi, ys K = 00 80 ksi Jin, R 00 = 0.  56 in (4 .5) 
The theoretical curves ( a )  and ( b) are obtained by numerical 
integration of equation (4.4) in which the hardening coeffi­
cient 7} was assumed 1 and .[), respectively. 
As a third example, consider the R-curve, KR vs. A a, 
obtained experimentally by Ripling and Falkenstein (19 70) 
for a low-strength cartridge brass. Its characteristics are 
(compare Metal Handbook, Vol. 1, p. 10 19). 
Ultimate strength, s- = 94 ksi u 
Yield stress, Dys = 65 ksi 
Young modulus, E = 16* 10 3 ksi 
The data pertaining to the R-curve were obtained in a series 
of experiments carried out on contoured, double-cantilever 
specimens. The material resistance to cracking was propor­
tional to load P, i. e. 
m '  = 2 p B B n (4. 6) 
in which the shape factors for the specimen used by Ripling 
and Falkenstein m ' ,  Bn ' and B were defined as follows 





I · . 
I • 
I • 
. Bn = . 016  in 
B = . 516 in 
W ith these numbers equation ( 4. 6) becomes 
3 1  
KR = , 20 7 [ks\b
ir:J 
P (in lb] 
(4 . 8 ) 
The amount of stable crack growth, Ll a, is obtained from 
the reading of the COIJf" gage mounted on the CDCB ( contoured, 
double cantilever beam) specimen. If  this reading is 
denoted by A =  4 ( P ) , then the crack length corresponding to 
the current crack opening displacement can be computed from 
/j, a = EB {4 - d O } 8m ' P ( 4.9) P= PC�) 
( if 4a is a small fraction of a0, and if Ao denotes the 
COD at which the first deviation from the straight line, 
A vs. P, occurs). For a more pronounced stable growth, as 
is the case under consideration, one would need to integrate 




Sm' P( A ) 
6 a = or 
EB I (�0 , A ) Sm' 
where the symbol I(A0, A ) is introduced to denote the 
•integral 6 
(4 . 9a) 
J d
� 
A RAJ (4.10) 0 
This integral has dimensions of [lo-3 in/lb1, and it was 
obtained by numerical integration of the reciprocal of 





force vs. crack opening relation, as indicated in Figure 18. 
Numerical values so generated are gathered in Table 6. This 
table also lists other values pertinent in the derivation 
of the normalized resistance curve, i. e. 
K 
K�vs. 
6 a  
"""' R oo  
The normalization constants are as follows (taken from 
Ripling and Falkenstein ' s  data ) K00 = 87. 72 ksi �, 
(4. 11 ) 
R
O(.)
= ( 7r/8 ) (K «>/ °y s )
2 = .715 in. For the case considered, 
the second of equations (4. 9a )  can be re-written 
ll a in = 12. 014 [ i�ii
b ] I [_mil/lb] ( 4 . 12) 
This latter form was used to generate the results listed in 
the 6th column of Table 6, and upon normalization by R, 
listed in column 10. These two columns are dist inguished 
by the subscript " B "  in order to distinguish them from 
columns 5 and 9 where analogous values are given (labeled 
"A" ) ,  but obtained from the linear equation (4. 9 ) .  The 
final results are plotted in F igure 19 . 
4. 2 R-Curve for the Large Scale Y ielding Case 
The J-curves recorded by Griffis and Yoder (1976) for 




1. 27 cm 
2.36 cm 





Wnuk ( 1978 ), pertaining to the large-scale yielding range. 
The equations suggested 
RR = R i ( a/ a Oo ) � t + 
l 
by Wnuk are of the following form 
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2 
JR = Ji ( a/ao ) + 
8
�y ,r E  
exp { -¼  1ol ( a/a0 )} 
a {\1og (a/a0 ) -¼ log
2 ( a/a0ff (4. lJ )  
Let us rewrit e the second equation in t e rms of the non­
dimensional quantities 
Y = J/Ji' x = a/a0 , to get  
Y = x { 1 + 8 (J� a0 ( H  log x-¼ log
2 ( x ) J ]  
7rE Ji 
(4.14) 
with A ·  denoting the initi�l stability index, d e fined as 
"\ · 7r E [ dJ R ) 
/\ ]. = __,_;;;;.._ ( -8 �  da i (4.15) 
The index "R " emphasizes the physical int erpretation of the 
J-int egral, which serves here as a measure of material tough­
ness, while the index A denotes the intensity of  the 
"applied" field. Note that while the ini t ial stability 
index is a material property (as re flect ed by the constants 
E, Oy, ( dJR/da \) ,  it is also a geometry-depend ent quantity. 
This geome tric dependence enters through the second term in 
the square bracke t ( (} JA/ oa) i . For the geome try con­
sidered in the prece eding chapter ( infinit e cent e r  cracked 
plate subject to tension ) ,  the init ial stability index was 
calculated by Wnuk as � 
A i = ( 7l"E/8 6"'"y)
G S /A ) - 1 - ½ log ( 2ea0/A iJ < 4. 16) 
It is not known how relevant equations (4 . 13 ) and (4. 15) are 
I· 
I '  
, • .' 
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for- the three-point ben� tests carried out by Griffis and 
Yoder ( 1 976). We may, however, consider a limiting case of 
a linear J vs. (4 a) curve, for which Wnuk has computed the 
A i  factor valid for an arbitrary geometry. Let us first 
linearize equation (4 . 4) by assuming x to be slightly greater 
than one, i. e. considering the amount of stable crack growth 
( 4 a) to be a small fraction of the initial crack length. 
The following linear form results 
or 
JR = Ji  { 1 + [ 1 + ;� ( ; �t ) �J ( fl a/ a0 ) ] 
( 8 tr2 
y = l +  __I .  7rE 
( 4 . 1  7 )  
(4.18) 
This formula is used to plot graphs shown in Figures 20a and 
20b illustrating the R-curves (both experimental and theoret­
ical) for the 2024 AL specimens of thickness o. 64 cm and 
1. 27 cm. The third sample of thickness B = 2. 36 units used 
in Griffis and Yoder experiments inhibited the stable growth 
through an incrased effective yield strength ()y · This is 
reflected by the curvature of the R-curve which becomes 
slightly concave, as shown in Figure 21. To match this 
R-curve the complete form of equation ( 4. 14 )  was used al­
tho�gh it is doubtful that the same form should apply for 
the three-point bend test configuration� The initial 
stability index can be "read" from the available data by 
using the relationship or variables in equation (4. 15), 
* (Figure BB )  
I I 
I ! 
I I I 
! :-· 
I : _' 
I . 
I . . 
I • .  
The values of 
7T E [( _dJR ) . 
B �  da l 
3.5 
(4. 1 9) 
1 )  
2 )  
J } 
initial J occuring at the propagation threshhold, J . l 
initial crack size , a0 
initial slope of the JR vs. L� a) curve 
can be r8ad out directly from the graphs supplied by 
Griffis and Yo der (1976) , namely 
at B = 0 . 64 cm, J . = 13. 7 k�a-m, and l 
at B 
at B 
( a )  a0 = 0. 89 cm 
(b) a0 = 1. 14 cm 
= 1. 2 7 cm, J.  = 1_5 . 9 kPa-m, and l 
( a )  a0 = 1. 78 cm 
(b) a0 = 2.26 cm 
= 2.36 cm, J . = 14. 8 kPa-m, and l 
( a ) a0 = 1. 70 cm 
(4.20) 
(4.21) 
(b) a0 = 2 .24 cm (4.22) 
The initial slopes (dJR/da)i are found to be as follows 





As can be seen - the initial slopes of the JR vs • ( 4 a) 
(4.2J) 
curve are independent of the initial crack size, but they 
I • 
.36 
do vary with thickness. Therefore, the initial stability 
index A .  will 
1 
reflect these variations, namely 
at B = o . 64 cm and (a) ao = 0 . 89 cm, /\ = 0 . 332 1 
( b) ao 
= 1 . 14 cm, A ·  = O . 598 1 
at B = 1 . 27 cm and (a) ao = 1 . 78 cm, A ·  
= 0 . 345 
l. 
( b) ao = 2 . 26 cm, .A i  = o.  873 
at B = 2 .36 cm and (a) ao = 1 .  70 cm, � - = 0. 030 l. 
(b) ao = 2 . 24 cm, A ·  = 0. 031 l. 
The effective yield stress encountered at the crack tip 
in the specimen of B = 2. 36 cm was assumed to be about 10 
times greater than the uniaxial yield stress, Oy' which for 
2024-T351 is 338 MPa . This leads to the initial stability 
index A i = 0. 03 . Note that the R-curve for the thinner 
specimens (at B = o . 64 cm and 1. 27 cm) is linear in (A a) . 
Thus, the simplified equation (4. 18) can be applied to 
match the experimental results. Combining equation (4. 18) 
with the definition of the initial stability index, 




i + da i 
( 6 a) (4. 24) 
This gives a very good agreement with the data shown by 
Griffis and Yoder (1978) for the thin alumin 111T1 three-point 
bend specimens. Therefore, we conclude that, at least within 
the initial phase of growth, the R-curve does not exhibit any 
strong geometric dependence. The slope (dJR/da) i ' as can be 
seen from the Griffis and Yoder data, is not sensitive to 





: :  
I • _' 
I • 
I . . 
' : .  
the -initial crack length, but it does appear to vary with 
the thickness (decreasing thickness leads to a greater 
initial slope o f  the JR vs. ( A a) curve ) . 
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The location of the terminal instability point , 
(af, Pf ) ,  however, is affected by the geo metry. I n  particu­
lar , the critical crack length, af ' and the critical load, 
Pf ' are influenced by the initial crack size as indicated by 
arrows in Figures 20 and 21. An estimate o f  the critical 
amount o f  slow crack growth, 6a
f 
= af - a0, can be obtained 
from Wnuk's 1978 equation 
in which the shape factors 
formulas 
2 ( -X i  + 1 - lP0 ) 
1 + ,t,..o' ao � (4. 25 )  
q> 0 and ¢0 are defined by the 
At this time we are unable to verify equation ( 4. 2 5) since 
the shape factors ef,0 and ct=,0 for the three-point bend 
specimen are not given analytically. (It appears that the 
numerical evaluatio n of 4'
0 
and Q>0 based in the finite­
element method should be possible ) .  Equatio n  ( 4. 2 5 )  can be 
used to locate the critical point fo r all the geometrical 
configurations in which the factors Cf'0 and d:>0 are known 
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CHAPTER 5 
COMPARISON OF THE LARGE-SCALE 
AND SMALL-SCALE YIELDING THEORIES 
38 
The two limiting cases of considerable practical 
importance have been discussed in the preceeding chapters 
of this thesis. �hese are small-scale and large-scale 
yielding behaviors which may occur during the stable crack 
growth in a ductile metal, see Figure AA. Let us briefly 
summarize the essential features of both asymptotic solu­
tions pertaining to the description of ductile fracture 
process. The governing equations of the problem relate the 
resistance, RR or JR' (measures of material toughness), 
developed during a quasi-static subcritical crack extension, 
to the geometrical and loading configurations (which affect 
the outer field parameters R or J) and to the material 
properties (such as the tearing modulus or opening constant, 
;\ I\ 
R/A or �/Ll and the size of the process zone �) in the 
following way. ( The subscript " R" is dropped for convenience) : 
( a ) 
( b )  
log (4R/ A ) , R0/a0 � 1 
½ log [ (��:) J 1 .  R0/a0 ">'> 1 
J ( 5 . 1) 
Equation (5. la) is valid for the contained plasticity 
(R0/a0<< 1) case, while equation (5. lb) describes the other 
limiting case of unconstrained yielding i. e. R0/a0 "» 1. 
There are two material constants which enter in both 
equations: 
, · : 
I • 
I • 
1 )  the R/4 which is directly related to the opening 
constants S/.6 or to the 'tearing modulus' proposed by 
Shih (1978 ) ,  T
S 
= (E/ 00 ) (  £ / A ) ,  or the dimensio nless 
tearing modulus "n" , proposed by Wnuk ( 1978 ) . The 
relations between these constants are as follows 
( ;6; ) ( 1 ) 
ir 6o T� 
8 er:_- G y 
3 9  
n + ½ log (2e ) (5. 2 )  
The symbol 5'o is used to denote the uniaxial yield strength, 
while o denotes the effective yield stress encountered at y 
the crack front. If we assume that the McClinto ck (1958 )  
relatio ns, derived for Mode I II ductile fracture, apply 
for the case considered here, we may then suggest that the 
tearing moduli, T or n, are the following functions of 
the initial ductility parameter, Ri 
o r  














4 0- {C Ri ) ½ __JJ_ -- - 1 
1t' co ao 
= ½ [ 
2
C� - 1Y , 
+ log 4 } 
+ log 4 } 
+ log (2/e ) } 
is noteworthy that, if McClintock ' s  interpretation 
(5. 3a) 
(5 .3b ) 
(5. 3c ) 
o f  
the initial ductility R - (1958 )  is to be extended to the 1 
Mode I fracture, then we would have a relation (See Figure CC ) 
oC = £ �/ E..y = Ri/a0 -1 (5 . 4 )  
, • .' 
I • 
40 
· The symbol £ ¥  is used to denote the plastic component 
of the total strain at fracture, while Ey equals the strain 
at yield, Cy = °y/E (McClintock (1958) ) has derived the 
�elationship between the initial toughness R. and the shear 
l 
strain encountered in Mode III fracture test. The validity 
of such a relation remains to be tested. Nevertheless, it 
has the plausible· and interesting possibility of bridging 
the micro-structural fracture studies, which provide infor­
mation concerning the plastic component of ultimate strain 
E �  and the yield strain £.y, to the continuum considera­
tions concerned with the quantities such as the initial 
propagation thershold size of the plastic zone, R . ,  and the 
l 
fracture process zone size, A . 
Let us observe that equation (5. la) is valid for an 
arbitrary geometrical configuration, since it represents a 
universal R-curve applicable within the small-scale yielding 
range. (Solutions are easy to obtain numerically for 
specified initial conditions, as shown in Chapter 3) . By 
contrast, equation (5. lb) has been derived for, and can only 
be applied to, one specific geometrical configuration. The 
center-cracked plate of infinite width is the configuration 
_ for which we shall · illustrate the applications of the theory. 
Integration of equation (5. lb) leads to 
). .  +l \ 2 ? (5 -5) R = Ri · c a/ao) ' exp l - ¼ log (a/ao) J 
The nondimensional quantity � i' the stability index, named 





and boundary loading condition. For the case considered here 
the exponent /\ . is defined as follows: 
1 
�i = n - 1 - ½ log ( a0/ d ) ( 5 . 6) 
The direct proportionality of A - to the tearing modulus, n, 
1 
indicates a type of dependence of the exponent A .  on the 
1 
material property which is descriptive of the slow stable 
cracking. Should another geometrical configuration be 
consider8d (for example a finite test piece) , the index A .  
1 
will also reflect the effect of · specimen size and shape. 
The effects of the initial crack length and the initial 
ductility parameter, R. / A , are shown for the case of the 
1 
small-scale yielding in Table 7 and in Figure 22. 
It is of interest to note that the critical crack 
length , af' depends al�ost linearly on the initial crack 
size a0 if plotted in a log log-scale (this observation agrees 
very well with the experimental data from the unpublished 
report of Epstein (1976)) . The ductility level, as measured 
by the ratio R . / 4 does not affect strongly the lines shown 
1 
in Figure 22a , but it has a rather pronounced effect on the 
terminal toughness parameter Rf/af and/or Rf/Ri as demon­
strated by graphs in Figures 22b, c, and d. The values 
used to make the plots shown in Figure 2 2  were obtained 
numerically from equation (J. lb) and (J. lJ) and they are 
listed in Table 7 .  
Analogous data pertaining to the large-scale yield 
have been used to plot the graphs shown in Figure 2J. 
I • 
I : 
I • • 
I : .  
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- Certain essential differences become evident upon a 
careful comparison between Figures 22 and 23 . First, the 
crack size at instability for the large-scale yielding range 
does not depend perceptibly on the initial crack length, 
but only on the initial ductility parameter R . /A . Second, l 
the terminal toughness is a decreasing function of the 
initial crack size in Figures 23b and d. The terminal tough­
ness is still strongly dependent on the ductility level 
Ri/A· , just like it was in the case of small-scale yield­
ing . see Figures 22c and 2) �. 
The following equations derived by Wnuk (1978 ) were 
employed in preparing the graphs shown in Figure 23 : (a) 
the terminal toughness as a function of the initial crack 
size and the material ductility level R. / 6  
Rf = Ri exp (2A i + A f )  
in which 
/\ i 
= n - 1 - ½ log ( a0/ 6 ) 
n = ½ [j2(Ri/ A ) - 1' + log (2/e) (5 . 8) 
( a )  the critical crack length 
af = a0 exp ( 2 A i) 
/j exp ( 2 ( n- 1) ) 
n = ½ [J 2(Ri/4 ) - 1' + log (2/e) 
(b) the toughness magnification ratio 
Rf = exp (2 A . + A � )  R .  l 1 l 
( 5 . 9 )  
(5 . 10) 
I , ,' 
I • 




· To compare both the cases, the initiation and the 
instability loci were plotted on one diagram, see Figure 24 
a and b. The broken vertical line indicates th� range of 
applicability of the asymptotic solutions presented here; 
to the left of this line R . /a '>  1, so that large-scale 
1 
yielding prevails . To the right of this line, Ri/a0 <(<. 1 
and the small-scale yielding solutions should be used. One 
example of each case is given at a chosen initial ductility 
parameters of Ri/a0 = 40 (Figure 24a) and Ri/a0 = 80 (Figure 
24b) . The resulting load v;__;. crack extension curve (or 
Q-curve) is plotted in the same graph. We note that the 
Q-curve extends from the initiation (or threshold ) point Q :  
.i. 
to the terminal (or critical) point Qf. The initiation 
point for the Q-curve is obtained as follows 
Qi = j 2Ri/ao � 
for small scale yielding, and 
Q .  = arc cos l 
for large-scale yielding situation, of Dugdale (1960). 
(5 . 11)  
(5. 12) 
Note 
that equation (5. 12) reduces to equation (5. 11) when the 
ratio Ri/a0 is much less than one. 
The terminal points of the Q-curves are obtained from 
the requirement of zero slope of the Q vs. (A a) curve. The 
differential equations describing such a Q-curve for the 
small-scale yielding case (center-cracked plate of infinite 





applj_cation qf the well-known relations. 
R ( center cracked plate, W -. ex>) = ½ aQ





( 7fo/2 o ) 
( _5 . 13) 
( 5.14) 
The differential equation so obtained, see equation (J . 13) 
dQ = log( 2A/XQ
2 ) - Q2 
dX 2XA ( 5.15) 
in which 
X = a/A , A = R
8 8/A = expf[ 2(Ri/a0) - 1] 
½ - 1} (5. 16) 
can be rewritten in the semi-logarithmic coordinates, 
z = log X and Q, as follows 
dQ = log( 2A/Q 2) - Q2 - z 
dz 2Q (5.17) 
This equation, when integrated numerically, yields the 
Q-curves of the type shown in Figures 2 4a and 24b in the 
small-scale yielding range. Obviously, for dQ = O, we 
obtain the upper toughness locus, i. e. 
log Xf = log (2A/Q:) - Q: ( 5 .18) 
in which the parameter A is defined by equation ( 5. 16) . For 
any given initial ductility parameter, the equation (� . 18) 
yields a curve, shown as an upper toughness bound for the 
small-scale yield case in Figures 24a and 2 4b. Analogous 
lower and upper toughness bounds were obtained for the large­
scale yielding situation by Wnuk (1978) as asymptotic 
solutions. The lower bound is described by equation (5. 12) 
while for the geometry considered here, the upper bound 
I , 
45 
turns out to be independent of the ·crack length attained 
at the termination of the subcritical phase of crack growth, 
and equals 
Qf 
= arc co s ( 1 + 
1 A f ) (R . )  exp l 
ao (5. 19) 
regardless of the terminal crack size af/ L}. , which can be 
computed as follows 
log (af/A ) 
= log 2 - 3 + ✓ 2 (Ri/L\ ) - 1 (5. 20) 
Here , the quantity /\ i is defined by equation (5. 6) .  There­
fore , for a given tearing Tuodulus, n, and the initial 





/A and the loading parameter Qf can be computed. 
The points corresponding to the load at instability will 
thus fall on a vertical line , when plotted in a Q vs. log X 
diagram as was done in Figures 24a and 24b. 
It should be noted that the formulas shown in Figure 
24b did not qualify as asymptotic (either in small-scale 
yielding or large-scale yielding sense ) , and therefore, the 
data shown in this figure were obtained numerically by 
integration of the equations , derived by Wnuk (1978) valid 
for an arbitrary R/a ratio 
dR a + R { ; 1 [ 4eRa 7 } 
dQ = a l A  - 2 log � (2R+aY J (5. 21 ) 
£Q. = a(dR/da) - R 
da ( a + R ) /78-fr + R--2 ( 5 • 22) 
With non-dimensional variables Y = R/ A and X = a/ A these 
equations assume form 
I • 
or , in a 
dY = X + Y [
� 
_ 1 l · c 4eYX ) J dX X A 2 og 2Y + X 
Q.Q. _ X (dY/dX) - Y 
dX - (X + Y )  J 2XY + y2 
semi-logarithmic scale with, x1 = log 




dX1 - X + Y 
R 1 4eYX y ) [ A - 2 log 6.y + x� 
A 
& 
(dY[ax1 ) - y } 
J 2XY + Y2 \ X = 
X, they 
= exp 




(5. 25 ) 
( 5 . 26 )  
Other data summarizing the mechanical tests performed 
for the large-scale yieldin� situation are gathered in 
Table 8. 
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While there is a general agreement concerning one of 
the two parameters involved, namely the threshold value 
of � ,  R or J (or any other suitable measure of material 
toughnes3) occurring at the onset of crack extension, the 
choice of the second parameter is still not clear. Whether 
this should be a tearing modulous of Paris, TJ' or the 
crack opening angle, b/A , or the initial stability index 
A i  (which is a geometry-dependent quantity ) ,  as suggested 
in the present work, or yet another entity, remains to be 
seen. 
Numerical examples show that the crack opening angle 
A 
a&/da (or $ / A )  remains constant over a significant range 
of subcritical growth; and thus the final stretch criterion 
which postulates a constant $/� during the slow cracking 
process appears to gain an additional support. On the 
other han� the dimensionless tearing modulus, TJ = ( E/,s- i ) 
dJ/da, proposed by Paris et al. (1 977) for the description 
of slow growth, is not a constant, but a variable quantity 
which approaches a constant level in solids of high 
ductility Therefore, the Paris modulus does not appear 
to be a suitable parameter for a fundamental measure of 
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Variation of the tearing modulus during the crack 
extension can be predicted from the closed-form solutions 
discussed in this thesis. 
To achieve this ob j ective, we have plotted the slopes 
of the R-curves predicted for the large-scale yielding 
situation by the asymptotic closed-form solution of Wnuk 
(1978) against the current crack length for 36 runs 
obtained under the initial conditions shown in Table 9. 
(See Figure 26) 
The slopes of the R-curves for both the large- and 
small-scale yielding situations were computed from Wnuk ' s  
differential equations obtained for a quasi-static mode I 
crack described by a linear plasticity model, i . e. 
dR = R { � _ .1. log ( 2 ea ) ? da a A 2 � j ( 6. 1) 
for the large-scale yielding situation and 
I\ 
�: = 1 - ½ log ( 4eR/ 6 ) (6. 2) 
for the small-scale yielding case. At the incipient point 
of crack extension, R = Ri and a
= a0, the equations (6 . 1) 
and (6. 2) can be used to predict the initial slopes (dR/da) . 
l 
for both the cases considered. We obtain, respectively, 
2�� { bYa ' - lnX0 J - 1 + ln (2/e) ( a) 
dR (da) . = (6. J ) { J2Y0 
\ 
- 1 1 1 1 - ln Y0 ( b) 2 
J .  
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The dimensionless quantities x0 and · Y0 in equations (6 . 3 )  
have been defined as follows 
Xo = ao/� 
Yo 
= R . /4 ( 6  . 4 ) l 
The symbol � denotes the size of the process zone, an intrin-
sic material constant characteristic of the micro-structure. 
All the curves shown indicate that the slope of a 
resistance curve dR/da (or dJR/da ) is not a constant over 
any significant range of crack extension, and thus could 
not be suggested as a suita�le material property (supposedly 
independent of geometry and boundary loading conditions as 
required by Paris et al. (1977 ) .  It is noteworthy, though, 
that for the tests performed on specimens of increasing 
initial ductility, Ri/a0 a tendency is observed for the 
variations in slope dR/da to increase. (see graphs in Figure 
25 corresponding to Ri/ao = 17 . 5 and 4 .  9 )  It is possible, 
therefore, that the tearing modulus, TJ ' could retain its 
physical significance (of a material property ) for tests 
performed on solids within a certain range of ductility. 
The solutions obtained by Wnuk (1978) from his linear 
plasticity model of a stable crack under unconstrained 
yield condition do suggest two material parameters essen­
tial for characterization of fracture in the subcritical 
range: the initial crack opening S i (or initial toughness A 
R . ) ,  and the crack opening angle S; A (proportional. to the l � 
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suggested by Shih, Delorenzi, and Andrews ( 1978 ) as a measure 
of the crack tip-opening angle, or as a new tearing modulus 
T = ( E/ o 0 ) (d  � /da ) .  Such a description of material 
toughness is somewhat analogous to the characterization of 
deformation behavior by the yield stress and strain hard­
ening exponent. 
The strain energy density, S, appearing in S/ih ' s  
universal criterion of fracture is suggested as such 
"another entity" . Indeed, a numerical example given by 
Shih (1978 ) ,  and concerning a three-dimensional quasi-
static crack, demonstrated subsequent shapes of the initially 
se�i-elliptical surface crack extending into the unbroken 
- material. The oval shapes shown resulted at the loci of 
points at which the minimum strain energy density, d�/dV, 
remains constant . It appears that the criterion of constant 
strain energy density would indeed be satisfactory for the 
description of a steady-state growth process. For the 
initial stages of crack extension, however, where the un­
steady growth prevails, an incremental criterion of the type 
[.s ( x1 ) ]  - [s < x1 )] = �c 
X - 6 1 -
would be more appropriate. It may be shown that such 
"incremental strain energy density" condition is equivalent 
to the criterion discussed at the beginning of this thesis, 
,, as � 
provid�d that the material constant Sc is chosenl
C O-y � /2A) ; 
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measures the crack tip opening angle. 
An interesting example of matching the experimental 
data in both ranges, i. e. , for small- and large-scale 
yielding is given by the following procedures. Consider 
.51 
the experimental data of Fattorini , Mirabile, and Podrini 
( 1978 ) concerning ASA 52 steel tested at two temperatures: 
-8o0c and +20°c .  (Figure 27 displays their data ) The stable 
crack extension occurs within the small-scale yielding range 
at the low temperature, while the behavior changes over to 
large-scale yielding at the higher temperature. To match 
the -8 o0c data we apply Wnuk's equation of an R-curve: 
log (J00 /J ) ( 6 . 6 ) 
in where two dimensionless factors, «. and 'f\ , are defined as 
follows 
According to recent numerical studies of Rice and Sorenson 
( 1978 )  the coefficient d. is about 2. To obtain a sa tis­
factory fit of the experimental data with equation ( 6 . 6 )  the 
coefficient o/1 , which reflects the elevation of the yield 
strength occurring locally in the material ad jacent to the 
crack front, was chosen to be 'i'} = 3. 9. With these numbers , 
and with the material data provided by Fattorini, Mirabile, 
and Podrini = 784 MPa at -B o0c 
E = 207 xlOJ MPa 
J . = 40 kJ m -2 (6. 7) 1. 
I 
!': .· 




the factor which multiplies log ( J� /J) in equation ( 6.6 ) 
becomes 
Combining this with 
J (X) � 1000 kJm -
2 
we obtain the following equation to integrate 
__ d_J_R __ = 115 log 1000 d ( a-a0 ) JR 
kJm-2 115 mm 
(6.8 )  




vs. A a cu..: ·ve is compared to their data 
in . Figure 27  ( note the metric units on both axes) . It is 
seen that the continuous curve obtained is in a good agree­
ment with the experimental points. With the data available, 
it is possible to give an estimate of the steady-state 
extent of the plastic zone which develops at the front of  a -
moving crack, namely 
1 1 Rss = o( 'Y\2 2 
1000 
115 = 4. J 5mm (6. 11) 
The steel tested at room temperature (+20°c )  exhibits 
a rather ductile behavior resulting in almost a linear J
R 
vs. 6 a curve, as shown in Figure 27. The initial segment 
of the R-curve in the fully-plastic range should indeed be 
a linear function of (A a ) ,  according to the equation 
with 
J . = 100 kJm-
2 
l 
( dJR/da )i = 80 
- 2; kJm mm 
( 6  . 12 )  
( 6 .13 ) 




taken from the report of the Italian researchers, equation 
(6 . 12 )  becomes JR = 100 + ( 8 0 ) ( A  a )  ( 6 . 14 )  
The resulting straight line is shown in Figure 27. 






Existing linear elastic fracture mechanics and J­
integral analyses are well suited for safety assessments of 
high-strength, -low toughness materials. These analyses 
apply only to the onset of crack growth, which is usually 
tantamou�t to crack instability and structural failure in 
that class of materials. However, this is not the case for 
the low strength, high-toughne ss grade s  in which crack in­
stability may be preceeded by extensive stable crack growth 
under rising load. Here, a substantial margin of safety 
may exist even when the onset of crack growth is imminent. 
This thesis de scribes research leading to a ductile 
fracture mechanics methodology designed to treat two­
dimensional, large-scale yielding and stable crack -growth 
problems. The line plasticity model of a moving crack by 
Wnuk (1972-1978) is used to obtain predictions concerning 
the material toughness associated with the preliminary 
crack extension (R-curves) and to calculate the critical 
parameters, i. e. , load and the crack size, at which a 
transition to unstable brittle-like fracture will occur. 
One important finding of this work is that parameters truly 
reflecting the state of the crack-tip process zone are not 
functions of the extent of stable crack growth when the 
mode of fracture ( full shear or flat) remains fixed. The 
I 
i,. 
, · .' 
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" final stretch" suggested by Wnuk in 1972 or the "crack tip­
opening angle" could be used, for example, as such material 
characteristics, since they are constant over a considerable 
range of subcritical crack growth and obtainable from a 
series of relatively simple tests which involve direct 
measurements of the material toughness and the slope of the 
resistance curve at the onset of stable crack growth. The 
possibility exists, therefore, that useful, stable growth 
parameters can be evaluated from the state of the crack tip 
at the onset of crack exten �ion. 
An approach leading fairly accurate predictions of 
stable crack growth and crack instability directly from the 
input data obtained at the growth initiation was tested in 
this thesis and shown feasible. Resistance curves for three 
aluminum alloys (2024, 7075-T7 and 7475-T61 ) ,  ASA 52 steel . 
at temperatures of 20°c and -8 o0c ,  and cartridge brass were 
obtained from the theoretical model of Wnuk, which was 
applied in both small-scale and large-scale yielding ranges. 
The data so generated were compared with the published 
experimental results provided by Wilhem and Fitz Gerald (1975 ) ,  
Ratwani and Wilhem ( 1975 , 1977) , Fattorini, Mirabile, 
Podrini, and Spedaletti (1978) ,  Ripling and Falkenstein 
(1970) , the Armco Company, Griffis and Yoder ( 1976) , and 
Creager ( 1973 ) • 
The agreement of the experimental and theoretical data 
varied from case to case depending on the ductility level , 
r- .-
. ..  
I
. _' 
geometry, and the boundary loading conditions as shown in 
the thesis. The over all convergence of the results dis­
cussed was good, and we may therefore conclude that the 
methodology discussed here for safety evaluation and fail­
safe design of the pressure vessels, in nuclear reactors 
or other applications, offers a basis for a rational 
material and stress state evaluation in most of the cases 
where the linear elastic fracture mechanics is not 
applicable. 
I . 
, · : 
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case, R/a �< l. 68 
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Table 1. Critical parameters : crack size xf = af/ao and 
the loading parameter Qf = 7r�/2 e-;,. found for a center 
cracked panel of infinite width within small scale yielding 
range ( Wnuk ' s  non-linear equations of 1972 were employ ed ) . 
p"{
o 10 100 1000  
0 xf 
= 13 . 098 xf = 106. 91 xf = 1011. 4 
Qf 
= . 36.597 Qf 
= . 13.556 Qf 
= . 044429 
. 2  xf 
= 12 . 898 xf 
= 106. 81 xf 
= 10 11 . 4  
Qf 
= 0 . 3.5977 Qf = . 1340 1 Qf 




. 4  xf 
= 12. 699 xf 
= 10 6. 51 xf 10 11 
1 ,  
= 
Qf 
= . 34156 Qf 
= . 12935 Qf 
= . 0426 
. 6  xf 
= 12 . 199 xf 
= 10 6. 21 xf 
= 10 10. 5 
, · .' 
Qf 
= . 31229 Qf 
= . 12148 Qf 
= . 40274 
. 8  xf 
= 11. 799 xf = 105 . 51 xf 
= 1010. 1 
Qf 
= . 27286 Qf 
= . 11022 Qf 
= . 0 36924 
I : 
I . 
' : . 
, I 
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Table 2 .  Roots of the equation ( 3 . -23 ) representing the 
crit ical crack length attained at the end of slow stable 
crack growth phase (according to the linearized theory 
of Wnuk) . 
lo c�� 10 100 1000 
. 4  • 8 3 . 00 8  6 . 975 11 . 435 
. 6  • 7 2 . 069 6 . 148  10 . 62 
. 8  • 6 o . 436 4 . 735 9 . 234 
. 9 . 5 5  -1 . 000  3 . 322  7 . 845 1 :
, 
, ,  
I . _' 
C = 1 - � 
I : _  
........... 
Table 3 .  Critical 
of ( a) Cherepanov, 
XO 5 
Qo Qf 
a . 5 7053 
. 0.5 b . 4693.5 
C . 4479.5 
a . 5 70 94 
. 1 b . 4695 7 
C . 45005  
a . 5 70 93 
. 1.5 b . 470 22  
C . 4.5366  
a . 5 710 3 
. 2  b . 47135 
C . 45885 
a . 5 7130 
.25 b . 47313 
C . 465 79 . 
I l......._ 
62  
states (Xf, Qf) derived from the theory 
(b) Wnuk, and ( c) Morozov. 
10 100 
xf Qf xf Qf 
xf 
6 . 1999 . 419 11 . 199 . 1390 6 104 
7 . 299 . 36469 12 . 798 . 13.542 10 8 
9 . 897 . 31715 19 . 594 . 10 315 18 7 . 9.5 
6 . 1993 . 41797 11 . 399 . 13938 10 2 
7 . 1988 . 36540 12 . 998 . 13604 10 6 
9 . 7974 . 320 20 19 . 403 . 11538 149 . 97 
6 . 0 994 . 4180 3 11 . 399 
7 . 1988 . 36613 12 . 998 
9 . 6974 . 32544 18 . 80 2  
6 .  o 994 . 418 11 . 2  OVER 
7 . 1988 . 36 763 12 . 8  CRI TICAL 
9 . 4975 . 33347  1 7 . 998 
6 .  o 994 . 41855 11 . 2  
7 . 099 . 36949 12 . 4  
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Table 4 .  Terminal toughnes s  derived from the 
( a ) Cherepanov , ( b )  Wnuk , and ( c )  Moro zov. 
Yi , i=l , 2 , 3  denotes load ing parameter , Q , 
Ti , i=l , 2 , 3 ,  denotes toughne ss , R/ R 00 
XO 10 100 
Yo Qo . 2  . 0 63 
a yl = o . 418 71 yl = . 13 9.5.5
Tl = · O .  9993 Tl = . 9991
b y2 = . 40383 y2 = . 13.56 7
. 2 
T2 = 0 .  8 7201 T2 = . 98188
C Y
J 
= . JJ333 Y3 = . 10 .540
T3 
= 1 . 0000 TJ = 1. 0000
Qo . 283 . 08 9 
yl = . 41 964 yl = . 13 95 9  
Tl = . 9950 Tl = . 9996
b y2 
= . 3 7250 y2 
= . 1358 7
. 4  
T2 = . 86 723 T2 
= . 9811 9
C Y3 
= . 35355 y3 = . 11180
T
J 
= 1 . 0000 T3 = 1 . 0000
Qo . 346 . 10 9 
a yl = . 42213 yl = . 13 968
Tl = . 9979 Tl = . 9999
b y2 . 38142 y2 . 13624  = = . 6 
T2 = . 8655 9 T2 
= . 98183 
C Y
J 
= . 3 7796 Y3 = . 11952
T3 = 1 . 0000 T3 = 1. 0000
63 
theory of  
1000 
. 0 2 
yl = . 04463
Tl = 1 . 0001
y2 = . 044436
T2 = . 9980 6
Y3 




yl = . 044631
Tl 






= . 0 3535
T3 = 1. 0000
. 0 354 
yl = . 044635
Tl = 1. 0000
y2 = . 044456
T2 = 0 . 99803
Y3 = . 0 3 7796
TJ = 1. 0000
. . 
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Table 2 ·  Terminal 
crack length (Xf = 








. 4  X -f -
yf 
=









toughness ( Yf = .Rf/Rco ) and critical
af/Roo )  resulting from the interpretation
dy/dx = 1/2 log (1/Y) in the small scale
10 100 1000 
12. 9 xf 
= 107 xf
= 10 10 
. 87173 yf 
= . 9861 yf = . 9970
12 . .5 xf = 106 xf 
= 10 10
. 8731.5 yf 
== . 9801 yf = . 997.5
11. 9 xf = 106 xf = 10 10
. 87016 yf = . 98.51 yf = . 9981
10. 61.57 xf = 10.5 xf = 1010
. 8.5875 yf = . 9861 yf = . 9989
xf = 103. 32.53
y:f = . 9820 
: 
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Table 6. Experimental data ( 4 and P ) pertaining to cartridge brass of  Ripling and 
Falkenste in ( 1972 ) , and the reduced data needed for evaluation of the s ubcritical 
crack extens ion, � a, and material toughnes s ,  KR.
[i m il �b] � �/l





































. 0 265 
. 0 132 
. 00 88 
. 0066 
. 0053  
. 00454 
. oo4 
. 00357  
. 00 322  
. 00 30 3  
. 00286 
. 0 02  70 
. 00256 
. 00243 
. 002 38 
. 00232 
. 00 232 
0 
. 0242 
. 0 453 
. 06 3 9  
. 0 806  
. 0 961 
. 110 8 







. 2 7304 
. 48056  
. 64360 
. 7750 9 
. 910 15 


















2. 0 80 8
2. 218 9
KR= • 20 4P KR ( � a) A 
ks i [i;_ Y=Kco Roo 
Kog-=87, 72 Ra,== , 715 
0 0 
7. 6 78 .56 . 0 8 75
15. 35 712 · . 1 75 
2 3. 0 3568  . 2626 
30 , 71424 . 350 1 
















. 720 9 
. 7674 
. 8139  
. 8604 
. 90 7 
. 953 




















. 40 65 
. 7611 













Table 2 · Summary of  c omputer generated data c onc erning 
mater ial resis tanc e 
yield s ituation. 
to frac turing d eve loped in a small 
Run XO Yo Qf l oglOxf l oglOyf lo glO (X .f- Xo ) No. 
1 10 .5505 2 . 14 67 1. 3 2 72 1. 6042 
2 20 . 9129 2. 2960 1. 9158 1. 9899 
J 10 2 40 1 . 4478 2. 4950 2. 5133 2. 3 276 
4 80 2. 1347 2. 7050 3. 0 62 7 2. 60 96 
5 100 2. 3841 2 . 2625 3 . 2 231 2 . 6 886 
6 10 . 2200 3. 0540 1. 4 3 78 2. 1218 
7 20 . 4628 3. 155 2 2. 1849 2. 6330 
8 10 3 40 . 9560 3. 3687  3. 0 2 86 3. 126 2 
9 80 1. 6896 3. 6480 3. 80 2 5 3 . .5374 
10 100 1 .  2615 3 - 2362 4. 0 2 06 3 . 6485 
11 10 0. 0747 4. 0109 l. 4_564 2. 40 62 
12 20 . 1820 4. 044 3 2. 2 635 3 . 0 308  
13 10 4 40 . .5168 4. 1840 3. 3096 3. 722 3 
14 80 1. 2 392 4. 4898 4. 3 751 4. 3 200  
15 100 1 . 5332 4 · 5992 4 .  620 2  4 . 4240 
16 10 . 0 239 5. 0017 1. 4585 2. 5891 
17 20 . 0609 5. 00 82 2. 2 76 2 3. 2 777 
18 10 5 40 . 2117 5.0558 3. 4063 4. 136 7  
19 80 . 7773 .5. 2993 4. 779.5 4. 9966 
20 100 l. 0 767 .5. 4260 .5. 1891 .5. 2 219 
, L 
. . 
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I : • . . 
;a:h e. Data pertlnent to atabl• extension ot Mod• I crack ln flllly yielded ■peciJllen 
init ial Ratio• Ratio opening lnl t ial vaiue critical crack ••ount of tennind loa:1 at ductility er.ck E �I� "s/A 
constant of stability 
��mh in a0 • ■table growth tou,:hness ir.s � s :.- :. 1 1 -:y ir.'1u n len,:th in 1;4 index ,  ).1 P'!!r, l A-untt.s �- �n �0-unita in R 1 -unlta in c-,.- · ::-:i  �••• 
l 4 2 )4 ,0  l . 49xl0) 4 , 6.S 2 , 6.SJ4 201 , 71 200 , 71 2J() , J89 ,0  0 • .:-; ��  
l . C' � C'  
2 4 10 J4 .o 1490 , .5 4 , 8.S 1 . 8487 40 , J4 J9 ,)4 l .  2)0 . 4  (' . ;:  , -) 
(' .  ? =  .. 1 
) 2 2 8 . 77 27, )0 2 , 6.S 0 , 6.5)4 ) , 694.S 2 , 694.5 .5 .6622 (' . � =l )  
(' , 9:�3  
4 2 6 8 , 77 27 , )0 2 . e.s 0 , 1041 1 :')1.5 0 . 2)1.5 l . 2449 C .  -: l ;-
(' .  - : ) )  
.5 2 10 8 , 77 27 , JO 2 , 6.S -0 . 1.51) 1 , 000 -- ·--- 1 ,0000 0 , C' '::' .; ... 
•£•�!�at•• of the ratio• ot th• pla■tic component o! fracture strain and th• strain at yield obta ined ft•o• the analogy between �ode I and �cC l intoc� • •  
1olut!on !or V.od• I I I , 
• •':h• upper value la obtained at th• relative duc til i ty index 11
1
/a0 • 2.5, wh ile the 




Table 9 ,  Initial slopes of the res istance curve , ( dR/da ) ; c alculated under the 
following conditions s upper l ine s large s cale yield ing, asymptotic  case ,  R/a >,1 . 
X° X 10 20 
. 7671 26. 2250 
2 8. 283 25.304 
. ,5282 1.1246 
, 8747 3. 635 6 
10 1.462 4. 748 
, 5282 1.1246 
- - - - - - - - - - -
100 . 3000 1.136 
. 5282 1.1246 
- - - - - - - - - - -
1000 .1934 0. 8136 
. 5282 1.1246 
middle l ine : intermed iate range , arbitrarf R/a ratio . · lower line : small scale yield ing, asympto ic  case ,  R/a «l . 
40 Bo 100 140 160 180 200 
78. 8819 232.1904 32 7. 6684 549. 6152 674. 42 Bo 7. 63 948. 75 
75. Bo 7 224.040 316. 800 533.113 - 655.033 785.32 923 , 48 
2 .0996 3. 6137 4.2508 5 .  3808 5 .  8927 6.3772 6. 8383 
12. 55 75 40.000 57. 7865 98. 65 70 122.01 147 ,04 173. 66 
14. 258 42.154 5 9. 691 100. 768 124 I 004 148 I 885 175. 32 
2 .0996 3. 6137 4.2408 5. 3808 5 .  8927 6. 3772 6. 8383 
- - - - - - - - - - - - 4. 5973 B. 2539 10.3588 12. 6317 15.063 
2. 866 6 , 741 8 I 907 13. 684 16.286 19.022 21. 889 
2. 0996 3. 6137 4 , 2508 5. 3808 5. 8927 6. 3772 6. 8383 
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
1. 8632 3. 6087 4.3949 5. 8798 6. 5 945 7. 2 975 7. 992 
2 .0996 3. 6137 4. 2508 .5 I 380 8 .5. 892 7 6.3772 6. 838 
- · -· 
, 
_ _ __  J 
LIST O F  FIGURES 
l .  Resistance curve for a ductile material. Stable 
(a < af ) and unstable (a � af ) phases of crack 
extension are identified in the figure 
2. Normalized R-curves resulting from (a ) the non­
linear Wnuk's equation and (b ) from the linear­
ized equation 
J . Locus of terminal instability points on the (load, 
crack length ) plane. Notation: Q =lr0-/2 6y ,  
77-
X = a/R co .  78 
4 .  Loading parameter plotted vs. current crack 
length for a center cr�cked plate of infinite 
width . (Wnuk 's solution for small scale yield­
ing range ) 
5 . Load vs . crack length obtained for a center cracked 
plate of infinite width according to the theory of 
a. Cherepanov 
b .  Wnuk 
c .  Morozov 
6 .  Load vs. crack length plots resulting from (a ) 
non-linear Wnuk's theory and (b ) linearized 
equation , i . e . , e q . ( 3 • 18 ) . 
7. (a ) Effect of panel width on the critical crack 
length at constant initial crack length 
(b )  Effect of initial crack length on the 
critical load at constant panel width 
(c )  Effect of panel width on the critical load 
at constant initial crack length 
( d )  Effect of initial crack length on the 
critical crack length at constant panel 
width 
8 .  Applied load as a function of crack length in 






of crack size/panel width 86 
7 
I 




I : . 
I ......_ 
9 . . ( a )  Critical load attained at the point of  
termination of  the stable crack growth phase 
70  
in a finite width center crack panel 87 
(b ) The KR vs. 4 a curve obtained fo r a finite 
width panel form the Wnuk theory of sub­
critical growth in small scale yielding 
range eq. ( J. 4b ) , curve 1, and from experi-
mental data of Creager ( 1972 ) ,  curve 2. 88 
10. Amount of  slow stable crack growth as a function 
o f  �he initial crack size and initiatio n  thresh-
o ld of  loading parameter (linearized Wnuk's and 
Morozov's solution for small scale yielding are 
shown ) 
11. Amount o f  slow crack growth as a function of  
the initial crack length. Results shown were 
o,btained from 
a. Cherepanov 
b .  Wnuk 
c. lVIorozov 
12. Amount o f  slow crack growth as a function of 
the initiation threshold of loading parameter. 
Results shown were obtained from 
a. Cherepanov 
b .  Wnuk 
c. Moro zov 
13 .  The critical load as a function of  the initial 
crack length in the small scale yielding range. 
Results shown were obtained from 
a. Cherepanov 
Q .  Wnuk 
c. Morozov 
14 . The critical load as a function o f  the initiation 
threshold of loading parameter. Results shown 



















c. .Morozov . 97  
15. (a ) Terminal toughness (yf = Rf/R oo ) vs. the 
initiation toughness (y0 = RJRss) .  All 
data shown were generated form the Wnuk's 
equation dy/dx = 0 . 5  log ( 1/y ) valid within 
the small scale yielding range. _ 98 
(b ) Terminal toughness (y f = Rf/Roo ) vs. the 
initial crack size (x0 = a0/Rss ). All data 
shown were generated form the Wnuk ' s  equa­
tion dy/dx = . 5  log (1/y ) valid within the 
small scale yielding range. � 99 
( c )  The amount o f  slow crack growth ( A xf = A a/ 
R oo ) vs . the initial crack size (x
0 
= a0/Rss ). 
All data generated form the Wnuk equation 
dy/dx = . 5  log ( 1/y ) valid within the small 
scale yielding range. 
16. Matching the experimental data o f  ARMCO for 
alluminium alloy 7475 - T61 (curve a )  by Wnuk ' s  
solution {curve b and c )  obtained for small 
scale yielding range . The variations in slopes 
between curves a and b are explained in the 
text. 
17. Matching the experimental data o f  ARMCO for 
alluminium alloy 7075 - T7 (curve a c oppied 
from Wilhem and FitzGerald 1975 ) by Wnuk's 
solution {curve b )  obtained for small scale 
yielding range. The variations in slopes 
between curves a and b are explained in text. 
18. The experimental data concerning cartridge brass. 
Load vs. the load point opening displacement , 
P ( A ) copied from Ripling and Falkenstein (1970 ) 
work. The reduced data (1/P) needed fo r evalua-
100 -
101 
tio n  o f  the crack extension are also shown. 103 
I 
I 
I : _' 
i . . 
I .. 
I : . 
I ......__ 
19 . . Matching the experimental data of Ripling and 
Falkenstein for cartridge brass by the small 
scale yielding solution of Wnuk. 
20 . Matching the experimental data of Griffi s and 
Yoder (1976) for alluminium alloy 20 24 by the 
large scale yielding solutions of Wnuk ( 1978) .  
Specimens of two thickness and with two different 
initial crack sizes were used, as shown 
( a )  B = o.64 cm 
a0 = 1. 14 cm 
(b ) B = o. 64 cm 
a0 = 0. 089 cm 
(c ) B = 1. 27 cm 
a0 = 2. 26 cm 
( d ) B = 1. 27 cm 
a0 = 1.78 cm 
21 . Matching the experimental data of Griffis and 
Yoder (1976) for alluminium alloy 2024 by the 
large scale yielding solutions of Wnuk (1978 ) .  
Specimens of the same thickness but with two 
different initial crack sizes were used, as 
shown. 
( a )  B = 2. 36 cm 
a0 = 2. 24 cm 
(b ) B = 2. 36  cm 
a0 = 1. 7 cm 
22. (a ) Amount of crack growth Xf ' obtained for small 
scale yielding range, and plotted vs. the 
initial crack size 
(b )  Terminal toughness, Yf obtained for small 
scale yielding range , and plotted vs. the 
initial crack size 
. I 










106 . I 
107 
I ; _  
108 
( c )  Terminal toughness, Yf obtained for small 
scale yielding range, and plotted vs. the 
ductility level Y0. 
( d )  The toughness magnificatio n  ratio Yf/Y0 
obtained for small scale yielding range, 
and plotted vs. the initial crack size. 
23. ( a )  Amount of crack growth Xf obtained fo r large 




initial. crack size. 111 
( b )  Terminal toughness, Yf obtained fo r large 
( c )  
scale yielding range, and plotted vs. the 
initial crack size. 
Terminal toughness Y �  obtained for large 
I 
scale yielding range, and plotted vs. the 
ductility level. 
( d ) The toughness magnification ratio Yf/Y0 
obtained for large scale yielding range, 
and plotted vs. the initial crack size. 
24. ( a) Center cracked panel of infinite width 
subjected to Mode I loading. Q-curves for 
four runs are shown, runs a and b are in 
the large scale yielding range, while runs 
c and d are in the small scale yielding 
range ( all data are obtained form Wnuk ' s  
clo sed form assymptotic solutions) .  The 
vertical broken line is drawn at R/a = 1, 




yielding range. 115 
(b ) Center ·cracked panel of infinite width 
subjected to Mode I loading. Q-curves for 
four runs are shown, runs 1 and 2 are in 
the large scale yielding range while runs 
3 and 4 are in the small scale yielding 
range ( all data are obtained form Wnuk's 
clo sed fo rm asymptotic solutions. ) 116 
I I 
I . 
, · .' 
25. Stability analysis for five cases of subcritical 
crack extension : 
Run l, a0 = 2 
Run 2, a0 = 10 
R0 = 35. 0019 
R0 = 35. 0019 
Tearing n = 4 
modulou.s, 
Run J , a0 = 2 R0 = 9. 7745 Tearing n = 2 
Run 4, a0 = 6 R0 = 9. 7745 
Run 5, a0 = 10 R0 = 9. 7745 modulous 
Note that the ordinate of the upper line (Slope 
dR/da ) could- be used as a measure of  the energy 
req�ired to propagate the crack while the func­
tion represented by the lower line (R/a ) is 
proportional to the energy available for crack 
opening. Stability 5 ndex ) is determined by 
the difference between the two functions shown. 
The slope dR/da and the ratio R/a were obtained 
by integration of Wnuk ' s  equation 
dR = a + R
{ 
� - 1 log_ r4eRa 7 }  
da a A 2 �( 2R+a )  j 
Initial slope of the resistance curve plotted vs. 
the non dimensional initiation toughness Y0 = 
R0/ A . Results shown were obtained under the 
following conditions. 
( a )  Large scale yielding range, assymptotic case, 
R »  a. The governing differential equation 
!: = R S � - 1 log ( 2ea )} da a L 4 2 A 
{b ) Intermediate range involving an arbitrary 
R/a ratio. The governing equation for this 
range is ,\ 
} 
dR = a + R { R - 1 log f 4eRa J da a A 2 l4( 2R+a )  




R <:< a. The governing equation ( b ) is reduced to 
1 · .
' 
I : .  
I\ 




27. Matching the experimental data of Fattorini, 
Mirabile , Podrini, and Spadaletti for ASA 52 
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Size  Required for 
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Resistance c!urve for a ductile mat eri al. 
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Fig. 2. Normallz€d R-curves resulting from ( a )  the non linear 








Fig. 3. locus of terminal instability points on the 
(I.oad,Crack length) plane. Notation s 
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Fig. 7 (a)  Effect of panel width on the critical crack 
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Fig. 7 (b) Effect of initial. crack length on the 
critical load at constant panel width. 
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Fig. 7 (c) U'fect of panel width on the critical 
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Fig.  9 ( a )  
Creaier •a  (1973 ) data on 
K� curve • 
Wnuk ' s  theory (?7o�!II 4)  " .  
10 20 30 40 __ ___,_ b/RCX) 
Critical load att ained at  the point of termination of 









Fig. 9 (b) 
PROORAM 10 
r = :, 
8 8  
B (;8 fs 
Jl aeff • A a  + ry , K� • 120 ksi � 
6ys • 70. 9  ksi 
eq. (a ) K3. • J B/ iT Oys }Jiaefft , A a < O 
A aeff = ry 
eq. (b)  dK� /da • 4 6{s lo, (f"4KR ) 1 ,r Ka 
A a > 0  
A 8eff ;> .�  £n 
1 2
--..
A a  
The � vs.4a curva obt�.5r.e<1 ,·, ::, a :!:':" i::>t,.  «�\ 
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1ono x-, 3 ► -
a !unction of 
the initi al crc1ck sizo  ��cl init::..:i.t:i or. thrcsht.old 
of touchnees, .fa • ( lineariaed \tJnuk ' s  • Table 21 and 
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Fi&• ll .Al'lount of slow craek �wth as a function of the 
iBi tial cr�ck lcn�th. Re:su1 ts shown were obt.ined 










Fir;. 12 ( a )  
PRCGRJ.lv� 3 
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XO · = 100 
• 10 
.15 • 25 _ _.(.,io 
Amount of slow crack crowth as a £unction of the 
initiation t hresh.hold of loading p3r�ffiet cr. 













o .os .15 . 25 --.. �o 
Fig. 12 (b) Amount of slow crack r;rowth 35 a fl.illction of the 
initiation threshold of loadinE par��et er. 
Results shown were obtaine:a fro_rn 'hnuk . 







Fi&• 12 (c) 
t ::f .o� .rs 
.,;mount of slow crack crowth as a 
initiation threshold of loading 
Result s shown were obtained from 
93 
= 1.00 
� :z 1.0 
- 5 
.2;> 0 i\mction of the ---1►� � 
pur:.met er. 
Sorozov. 
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�. 13 The critical load as a f\lllction of the initial. 
crack len,th in the SJlall scale yieldinc r��e. 
Results shown were obt ained from 
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� = 100 
0 0.2 
Fig. 14 (a )  The critical load as  a functj �n of  the initintion 
threshold of loading par��et er. 
Results shmm i,;ere obtained from Cherepanov. 






Fig. 14 (b) 
PRCGfil.M 3 
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--------------------Xo ,.. 100 
0.1 0. 2 --�� ·Q
0 The critical load as a .function of the initiation 
threshold of loading parar.:et er. 
Results shown were obtained from \·,nuk. 





� = 10 
� = 100 
0.1 0 . 2  ► �0 The critic al load as a funct ion of the initi ation 
threshhold of loaciinG para.� ct er. 








X =  l0CO 
i.= lC0 
'l:. :  10 e 
' t I t & 
o 0. 2 o.4 o.6 o.8 1.0  -+-
Fig. 15 (a)  T erminal touehness (�_f = af� vs . the initiation 
touzhness ( 4})0 = Rc/?-oo ) • .All dat a shown WErc L €:nerat ed 
from the wnuk ' s  equation dy/dx = .5 loG (l/y) 
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50 100 --+ Z  
T erminal tou1hness �r=Rf/'ROO vs . -\he initial 0 
crack size fo=acfa55 ) . ill data sho;m were ger:erated 
from the Wnuk equation dy/dx= . S loz (l/y)  
valid within the small scal e  yi eldinb range. 
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The a.-n?�t of sl.ow �r:ick -p;rowth (�f= Aa/RtJ vs . 
the initial. crack size (:,•�be a.dR5 5 ) . 
Al.1 data shown were ccncrat ed fro:r. the ·,nclc eq_u.:ition 
dy/dxa . 5 loE (1./y) Vc:!lid wit:rin the sr.iall 
scale yieldinL range. 
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Crack BT()Wth reaistance KR for alur,t1n1t1J11 747S-TfJ. {bpa-ilr.ent&l. Jdata supplied "tinuk 's solution dy/tlx • (1/'l:f) (lo{; (l/y) ) mr 
· 
) 'tmuk 's solution dy/dx • (1/y ) (log(l/y) ) PROORAMMl:,;j' Am.co Res earch Lab 
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o o.4 o.s 1.2 1.6 .§i.. -Aa/R . � 
Fig. 16 • Y.atching t}}e experimental data or ARMCO for alurninim alloy 7475-T6J. (curve P )  by \-inuk • s  
· solutions (.curves b cind c )  obtained for small sc:.le y!dclinc rar.gE .  'r!-1e vu1.e.tions in slopes 




Y- l(R - -, 
t� 
•• Creek growth resistQ'lce data based on peysio:ll. crack aize 
for aluminium 7075-T7 
b. �nuk 's solution dy/cJx •(1/��loe;(l/y) )  









o 2 4 6 a A X  Jli&• 17 • Matching the CY.perimcntal d&ta of .ARMCO for aluminium alloy 7075-T?(curvc .:i copied 
fror:: Ml.han i:nd Fit�iicrw.d (1975) )  t�- \'.nuk 'D :;olutior.� (curvcs b & c) obtaine:ci fo:r �all 
ncalo yicldir.g ranee. The variation!; in �lopes b€twem ct1rvG, b ;..n<-i c c.l'C. f�f•l eincd J.n tt-�t • 
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150 
Fig. 18. The experilnentlil dsta concerrrlll& Crtridg
e brallDo load vs� the lQll<l J.)Oint O!leninE 
displ;,9 ment o 
copied froo Riplln� & FaJ.ken
stc!n\1970) work. The reduceo dat
o \1/P / needeD for evalll.•t1on 
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• Exper.ilnenta:L 
3 --.. Ax • Aa/R00 
Fig. J.9 Uatc!llng t!10 �:_i:c.riJJ:u:hl data of Ripllng :md Falkenst6:1Jl fo:..• c��>tri�e brae:, by the �•all scale 
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!•:atcbin� the t.:qwrir.: .. r:t� :1.. c' , t ,. cf C:-if:. is  and Ycd E:'r 
(1976) 1·or .:1ltu-:in::..ur. �ll.cy 2L 2!.J by t :�.c l.:ircc. r c ;:l(: 













B • 2. 36 cm 
{a) ao -2.24 cm 
(b) ao -1.. 1 cm ,  ..... 
'b 
l 
Fie. 21 Mate�, the experimental data of Griffis 
and Yoder (1976) for aliminium alloy 2024 bJ" 
the lar,e scale yi. eldin, sol.ution o:f w ,nuk 
(1978) • Equation (4.14) � -atio fiil 6o was 


















Fie. 22 (a)  .Amount of crack crowth X, obt ainE:d  fer s. ,ell t:ctle 
yieldin& ranee,  and plott e� vs. t h� initial crack size. 
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Ye ., lCrCi 
y(' - f,(l 
Y0 = 20 
6 
Pig. 22 {b) T erni.nal tou[Yr.ess , Y.,. ot-tdne.d fer :-,�.::11 scale 
yicldir.c r��el �c plott ed v� . t h� ivi ti.:u. crack size. 
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' '  
I • _' 








- X = la5 0 
:XO = 10
4 
X0 . = 103 
X0 = 10 
2 
0 40 8o 
n,. 22 (c ) T �.intl t Ol.. f.!l'!.€ SS , Y1: ot t�ir.ed !'or sr.:all scale yidcJing 
range 1 tind plott ed -s • the ductility lev(.l.. 
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Fig. 22 (d) 
- - 110 
Y0 = 100 
Yo = 80 
Yo c 20 
�---------- Y0 = 10 
2 4 
_ _...., .. log X0 The tou&r.ness ��enific �ti on r�tio Yr/Yo obt�ined 
for srn.:?11 seal£ yi cldinc :-c.n..., e , ,mu J,lot t ,  < 
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.. .  lll 
6 
4 Yo • 80 
Yr = Cc - Yo = l!O 
-
o .,_ __________________________ _.__ ________ _ 
0 .s 1..0 
__ _...,._ log X0 
Fig. 23 { a )  iimour.t of ere.ck f;l"Ol--t:-.. X� cb-':.:l.1 !D<: foi· � . .:.r: , � c- :J .. E 









Fie. 23 (b) 
• 1.0 
--� ... • loe; X0 T e:tninal toui�.l'less , Y£ obt �inec £or lax-&e �c2le 
7,1.eldint ranee , and plott (.d vs . ti:c.. ini ti.:tl cr�ck size:. 
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n,. 23 (c)  
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Xo = 4 
= 10 
40 tjQ 100 _..yo 
T ern.inal tOl:t_hness � Yf obt �in eJ  :for lra-[;!: � c tle 








-----►� log Xo 
The tou_ehne:s5 �a�ic dion rntio Y-t·/Yr;:: obtaj n PcJ 
£or l�rt t: sccl.c yi cldir.;: range , anc p..Lott ed v� . 
the initicl. crack size. 








Yo • 40 
, 
..---------- Rance of application "+L�Y o...J s.sy >OL�o�" 
l:>I I �I r AsJ'!llptotio solution 
Yoflo > 1� 1<J/'lo> l 
log J.! • log C-)+ ./2Yu-l' ,  ""ff"'-1" bo"'-"d. f,-,- +.:,..._J"n«.1$ , R...»a.. 
I iv Computer Procr:..r,JJ:c for lorge scale yielding 




Y, (Xof.'o•Y� ; "1· •  .Arc 




Computer Progra1rime tor mnall scale yield1ne 
Progrl\lfJnc 6 
Computer Programme tor sn:all a,cale yi elding 
Proc:rru,an 6 
'-• log X • log { 2A,!Q2 )..Q2 
A • c:xr {I ?Yc...l \ --l J 
0 ---
.. 0 4 8 12 1h --. loc I 
l:h. 24• Center cracked panel of Wini to width subJoctod to Mode I loadint • Q--eurves !or !our run& are 
ehown • run:s 1 andil are in the lar&a ecale yj.dclini r.tllec• while n.ns 1ue.nc1v uo in the mnsll 
ecal& yhl<l:l.r-c rt.nee ( all c.lt..ta :-re obtninoo !l'OI,. ,:nck •:.· clot11,<! form .:Ef.!,1 1ptot1c solutiot:1;1 ). 
'!!.c ·m:·"J c il hokr.n lim: i n  draiin .,t R/a • l• and it tiep,'ll"�tn.:: fa� ,.s ,, J2 f1·c 1 1  J t 1'[ ,. ,:c , J , ·. 
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PROOR.AM 11 
I • Bo 0 
8 
Up.r-·�r bound in the 
11.Jnitint cJsc of l&rte 
yi dcinb, H�a 
i..11o4.,_ __ _ 
Uppe.r bound in thti 
int�n::ulist e runf..C of U.E. 
R/a rc.:tio 
12 
Uppe:r bcunC: in 
the. BJJ,all 6C�lE 
yielc!i nb r�ngc 
R <<. a 
Fi�. 24 (b) Centea:- cracked pancl. o! ir.l'inih ,::i dth u·:bj,:<:t� ;.<• rode I loadille• Q curves 
for four runs �C-6 t;} ,o\:'J'\ , r,)n::; a 1..nrl b :.11c in t!i.c l.:·1·bc �c:.J. �-.:., �/:'..i1(. :.- · l 1Ll-, 
, J .: :!..c. :· ,.n,; c � ril ' d , ;.�, :L11 t:�'- ..,'?:;.JJ.1 ,::c �:!. : ·:'... l Jf� J .i:. 2.·:. r bc ( d l  c1 1 t : � are obtained 
from Wnuk 1s Svlt't,1.on Talid !'o'r an �1 lirar-J �/ a ratio) I-' I-' °' 
fc) . _, 
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PROGRAM 12 
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Run Ni 










Tear.in� modulus ,nz4 : o Initial. crack, size, ao=2•�0 _ - n f. 
Initial; st ability: index,"A .=: 0 2 . 6534 -�•<t <A, 
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-------•- log ( a/ A )  
Fit• 25(4}Stabili ty a.�-sis for five c as c5 of subcri tictl crc:ck cct o�ior. 1 
!fote that the orc'.iI.c1t f.� of t!-.< t·:=-r<·r lir.c (::::lc;: t. c:r�/d ::1 ) could be  
wised as a rr.c3sure o!  t!:e cnc=.:-;j r((';_t:ired to pro;-::-_:: :itc t rc  c::-:c:-: ;.:-.ilo  
the £unction rc?re.smt cd 'ty  the  lo,...cr l.inc R./.J ) is proi-o:· ti.cr.tl to 
the encr(Y ovj11.:,tlc- f<,r cr·.::?ck or,�:-.ir..�.  �t�bil:.t:, :. 1 ? 1 · t .::. is  c •· t ,::�: i:wc 
by the c:j �f• rt.:.� c 't d i ·c t r t u  t\."C 1 w:c ..... 5 \.1r..s z: .(��- •· • 71: t  : lc r , ·  i..a•./c. :1  
and tho ratio i"/ :! ;.cr c ul,t�l, :  : :· i 1�t • ·�=�t: J: u· \ , 1  ,.-1� • �  • .l" Ltic,n. 
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loc (a/A ) 
... 
Fie. 2S (b) Stability analy8is for fiTe cases of subcritical crack extension. 
Note that the ordinates of the upper line {slope dR/da) could be 
used as a measure of ihe enera required to propaiat e the crack while 
the functi_on represented by the lower line (R/o. ) is proportional to 
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a & b  --------
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a & b 
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Laree ecal• yieldinc ranee 
b Intenediate ranee 
(see Table 9) 
e 
so 
Saall ecale yittl.dinc ranc• 
100 I .� 0 1,0 1 0 
Fig. 26 Initial slope or the resiBtance curve plotted vs. th











Fie. 27 i-:atching the CA-perirr.e:�tal. dat a  of F attorini, L.ir�lile 
Podrini� Bnd Spadaletti for ASA 52 st eel 1--:;,th W uk 1 s solution 
for (a )  :small scale yieJ.din, and (b )  lar,e  scale yi eldin, ran,es . 
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··-· -�I.JN•- Y ,).: '> ,  :)�1�.-0-5 - · -- · - - ·- - - - -
·. -
12 .5 
PRCGRA!·:?-:Z NO. 4 
P4GE 1 2 / 1 0 / 78 
. 1  
l Y l . K =Y l . J + n r•FUN l . J K 
l Y 2 . K=Y2 . J •OT * FUN 2 ."JI(" _ __ . . - · - · -
- · 
L Y3. K= Y 3 . J +O T *FUN 3 . J K -------- - - . l Y4 . K= Y4 . J +or • F UN4 . J K ·-- - - - -- --· _ ____ _ _____ _ .;. _ _____ _ -·-
l Y 5 . K : Y 5 . J • n T • F UN 5 . J K 
.. � -- FUN l � KL=  ( ( L ') G N [ 2 / ( Y l • K * Y 1 .  K • T I  "ME . K 1 ·1 l .;. Y l • l< * Y 1 ·; K l  / ( 2 * T I ME.  K *Yl ;K  J 
R F UN2 . KL = ( [ l O G N l 2 *CO S ( . 2 * T I ' · = • K / T l N } / l  Y 2 . K * Y2 . K * T I ME . K } ) )  
------- x -- •co s c . 2 • T l � E� K /T I N ) - Y2 . K * Y 2 . K* ( l + f { � 2 0 T I ME . K /T I N J •S I N f . 2" 
X *T I M E . K/ T I N ) ) /C O S C . l * T I � E . K / T I N ) J l / ( 2 * T I M E . K * Y 2 . K )  
--- -- - -- - R. - F U"4 3 . KL= ( ( L O G � ( 2 *C 0 S l . 4 * T I � F . K / T l f� ) / ( Y 3 . K * Y3 . K � T I ME. K J J 1  
� •cn s ( . 4* T l � E - �/ T [ N ) - Y 3 . K * Y3 . K* ( l + ( ( . 4 * f I M E . K/ T t N ) * S [ N { . �  
----- - ·- -x-· *T l � E .  K/T  I --., ) ) /COS ( .  4 * T  I "1 E . '< /  T I  N J ) l / ( 2 * T I  M E .  K * Y 3 .  K J  --
R FUN 4 . K l = ( ( L 0G N ( 2 * C O S C . 6 * T l M f . K / T l  ' ) / ( Yt. . l( * Y4 . K * T I ME . K > I >  
-------- - --
- )c - •co s r: o * T I M E . K /T I N ) - Y4 . K * Y4.  K� { 1 ♦ {  t . 6 * T l M E . K / T t N }  •s r n r.6---------- --­
x *T l � E . K / T l � ) ) / CO S ! . 6* T I M E . K / f l � ) ) ) / l 2 • T I M E . K * Y 4 . K I  
--- -- - -- � F Ul'-l 5  . K l =  ( ( L OG 'J  ( 2 * C O S  { .  3 �  T I  •-, E .  K / T I N )  / ( V S .  K * Y S .  K H  I ME . KT ) r -
--­
X •c o s c . a •T I � E . K / T I N ) - Y5 . K * Y 5 . K • ( l + ( ( . 8 * T I M E . K / T I N ) * S I N ( . 8  
x
·
- •Tl � E . K / T  [ N ) l / C O S { "; a• T i l.1 E . K /T I N )  J ) 1 ( 2 • T I ME . K •Y 5 . K J ____
_ _ ___________ .....; 
A Y t N l . K= SOR T ( . 2 / T I N )  -. - -- - ------ · . .  A · v t N 2 . K= SQ R T C . 2 *CO S ( . 2 ) /T I N l . - - - - - -··----
A Y I N 3 . K= SO � T C . 2 * C O S ( . 4 ) / T I N )  
-- -·- -- - A Y I N4 . K = S C; R T C . 2 *C O S ( . 6 ) / T I N l - -
· -- -- -- - ---------------------------
4 Y ( N 5 . K = S QR T ( . 2 *CO S ( . 8 ) / T I N )  ·- --N Y l=Y I N l  
- - -- - - --- -· --· - - - - - - · -· - -- -- ---
N Y2= Y I N2 
. N - - Y3= Y I N 3 · - - · --
----- ---- --·-·- - -- - --- -
N Y4= Y I N4 - · - - - ----·· ·  - -N Y5= Y 1 N5 _ _
_ _ 
N T I ME = T l N 
c· ·-, rN= l O  
PL O T  Y 1 = l , Y 2 = 2 , Y3=3 , Y4=4 , Y5=5 ------ - PR I NT Yl , Y ? , Y 3 , Y4, Y5 ___ -
- - .. - - -
- -----
SP EC L E N G T H= l 4/ 0T = . 00 1 / P L T PE R = . l / PR TPER= . l ---- -·- . RUN X()= l O --- -- --- -
-- - - -- -- - -------- ------
- - - --- · ·· - - -- -- ·-· - -- - -· · - ·- - ---· --- - - ·- ------· 
- - -- - - - - --- - - - -- -- -· --- ----
--· --- --------- ----- --------- -- - ---- ---- ----- -
-
-- -- -- - - - ----- -- --·- -- --- ---· 
-.. · - - - - ·-- ·--· --- --- ···----- ---- ------
----· - ·-
·- - · · - - ---- - - - - - ·- ----- -- - _ ___ _ _ __ ..
--- - --- ·- -- - ----------- -- --- · 
-- - - -- - - - - - --- - --- - - -- -- --- ---- - - -- - - - . 
--- -· 
----- -- - -- - - -- · -- ··-- -- · . -























--- --- - ------· - -· - ·-- ------- -- -- . - - - - -- --- ----
"' 
0 
PA"E I 37227 ,a 
L y I .  K-= II .  J ♦ 
R fUh l . K l = ( ( L C� � ( l / Y l . � l l / ( Y l . K J > • l . 5  
C I IK-= l . l57 V lN= . I6 
PLC T Y l = l d O , U 
K I 
S Pc( L E N G T � = � / O T = . O C l / P L T P c R = . 0 5 / P R TP E R= . l  
RON K � vRvE , XD- I . 15 , VC= . Io 
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. - 4 ·  
�f 
i 6- ' ' 7  
8 
9 
· 1 0  
! · . 1 1  
1 2  
· . 1 3 
· 1 4 
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PROORJ.Jllli "·JO. 6 
A ca . K= ( 1 ) / ( 1 t ( YO/XO > *EXP ( ( T I ME . K-T I N . K ) 
X * < L . K-0 . 25* < T I ME . K-T I N . K ) ) ) )  
A L , K= . 5* ( LOGN ( 2 ) -3 . tSQRT < 2* Y 0- 1 ) -LOGN ( XO ) ) 
A T I N . K=LOGN C XO )  
· A XF . K=2*L . K+T I N . K  
A CQF . K= 1 / C 1 + < YO/XO > *EXP C L . K*L . K ) ) 
N T I ME=T I N  
. PLOT CQ=* 
PR I NT CQ , L , XF , CQF 
C X0=4 . 5/Y0=40  
SPEC  LENGTH=7/DT= . 0 1 /PLTPER= . 1 /PRTPER= . 1  
RUN X0=4 . 5 , Y0=40  
PRffiRP.Mr'lE lmo 7 
1 1 / 1 4/78 
L Y . K=Y . J+DT*FUN . JK 
R FUN . KL= ( ( LOGN ( 2*A • K/ ( Y . K*Y . K ) ) ) -T I ME . K-Y . K*Y . K ) 
X / C 2*Y . to 
A A . K=EXP ( SQRT < 2*Y0- 1 ) - 1 ) 
A Y I N . K=SQRT < < 2 *YO ) /XO ) 
A T I N + K=LOGN ( XO )  
N Y=Y I N  
N T I ME=T I N  
PLOT Y==* 
PR I NT FUN , Y .. 
C Y0=80/X0=400 
SPEC LENGTH= 1 2/DT= . 0 1 /F'LTPER= . 1 /PRTPER= + 1  










1 0  
--:.. 1 1  
- 1 2  
1 3  
� 1 4  
1 5  
L Y 1 + K=Y 1 . J+DTtFUN 1 + JK  
L Y2 . K=Y2 . J+DT*FUN2 . JK 
� R FUN 1 + KL�60 . 48*LOGN C 1 000 . /Y 1 . K ) •  
F'� FUN 2 • KL= 11 �7!� L D Gr� < l. 15 ◊-. /Y 2� l(") 
N T I ME=:Y- I N  
N Y 1 =Y I N  
N Y2=Y I N  
C T I N=O 
C Y I N= 4 0  
PR I NT Y 1 Y Y2 Y FUN 1 , FUN2 
PLOT Y 1 , Y2 
129 
SPEC LENGTH=5/DT= . 0 1 /PLTPER= . 1 /PRTPCR= . 1  
RUN M(ffC l· l I NG  P f-WE:LEM 
1:30 
----- --- - ·- ---- --- -- --------------------------
PAGE  1 1 2/ 0 7  / 7 8  





' . . 
' . ,  . . 
I I 
l Y7 . K = Y 2 . J + D T * F U� 2 . J K  
R FUN l . K L = l . 5* ( 2-T I M f . K * Y l . K * Y l . K ) / ( T I M f . K *T I � E . K 
t------- -.X. .. __ *Y 1 .. K* Y. l  .. .K£Y.L.K.�---------------------­
R FU N 2 . K L = ( L O GN ( 2 / ( T 1 M � . �* Y2 . K * Y2 . K ) ) - Y 2 . K * Y2 . K t / 
X ( 2 *T I M F . K * Y 2 . K ) 
i-------- . _ A_ - - -T.l...K.;:;.._s_u 1�...X t.Y.1-.L"f-.:.Yl-A------------------­
A T 2 . K =. 5 ¢ T f � � . K *Y 2 . K *Y 2 . K  
N T I M E = X O  
1------- S Yl= 
N Y2= Y O  
PLO T Y l , Y 2 , T l , T 2  
_______ ___ P.R I  NT_Y l ,  Y2 , EU� • ..EU...tP:....J,J._;I1-l�, IL''"--------------------­
c X '.} = 1 0 / Y0= . 2  
S P F C  L EN GT H= l 5 / 0T = . O l / PL T P E R = . 1 / P R T PE R: . l 
1-------��Lm_x_o_=-1.n,,-1...l.L=..JLL------------------�-------
1-----------------------------------------
' ,. · · 1 ' :t :•  ----------------------------------------





' . , 
: --- --- - - - -. • • '  
.,__ _____________ _ . .  , 









1 0  
1 1  
1 2  
L Y 1 . l< == Y  1 .  J+  DT*FUN 1 .  J I< 
R FUN 1 . KL= C 1 5000/Y 1 . K > *LOCN C 1 20/Y 1 � K )  -
A E F F  • I< ::: T I M E  • I<+ • 0 0 0 0 7 8 1 2 �:� Y 1 • I< ::;� Y 1 • I< 
N T I ME== T I N  
N Y l =Y I N  
N T I N=O 
N Y I N == 8 0  
PR I NT Y 1 , EF"F 
SPEC L ENGTH=3/DT= . 0 1 /PL TPER= + 1 /PRTPER= . 1  




:, ... 0 
0 
.. 
I I  . . . . 
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u .. .. .. .. . , .. .. .. .. .. .. .. . , 
., . . .. 
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13 2 
PROOP.JJ-�lli NO. ll 
P 6G E  1 1 2 1 121 1 e  
I u -1--. 4\.=--'¥--i � 0--U- F-UM ..J ll -
L Y 2 . K= Y 7 . J + 0 T • F UN 2 . JK 
R f U � l . Kl= . 5 � ( 1 . t ( Y � . � / T l M E . K J ) � ( B . K- L O G N  
y ' 1 ,I. $--l-, 1!-� - l<.� ¥- 1 - K J  I-L2 •�Ll(..¼_J_ { .M. E--KJ ' 1 
F U l\2 . Kl= t T l � E . K * F L � l . J K- � 1 1. r ) / t ( T I ME . K + Y l l. K ) 
X * � Ck f l 2 • 1 1 M E . K * Y l l . K + � l l . K * � l l . K J ) 
A � _ l<; :-� '-lLl-�-¥-C-e-l-J=-1-�C�H 4 l 
A R 1 .K � Y l . K / T I � E . K 
A lO l . K� ( ( f UN l . J K * T I M E . K J /Y l . K J- 1  .. " -1--1-.-"' - ... ! -.... 
A Y l l . K = T l � E . K t l ( l /CO S t Y2 . K ) )- l )  
---"-1 1 (;f;f. 1:-€Q P r €V--l-C � � !.. '= "' f l ME= X C  
V l = Y O  
;,.1 " ., _ v  I .._  
P L O T 'r 2 e L C l 
P R [ l\ T Y 2 e F U � 2 , L C l . Y l , R l  
r v r;  ✓- _ 5-l-�-80-J-U t,r l. 51 l 4 C 
S P E C  L E N G T ►= � C C G C / O T = l / P L T P ER = 5 C C/ P � T P E R = 5 0 G  
1 : u f\  X 0-= 4 . 5 1 / Y C-= S C  
E R i< C R  n S S A G ES 
PROORAM l2 
L Y 1 . K= Y 1 . JtDT*FUN 1 . JK 
L Y2 . K :::: Y2 . J+DT*FUN2 . JK 
R FUN 1 . KL = . 5t C EXP C T I ME . K > + Y 1 . K > * C D . K-LOGN < < 4*Y 1 . K ) /  
X ( 2 * Y 1 • K +EXP  < T I ME • K ) ) > ·- T I ME • K ) 
R FUN2 + KL= . 5*Y 2 . Kt C B . K-LOGN < 2 > -T I ME . K >  
A T I N . K=LOGN ( XO )  
A D .  t, =S C� F-� T  < 2 ,r. Y 0 ·-· 1 )  ···· 1 + LOGN ( 4 )  
A LL 1 + K = < FUN 1 . JK/Y 1 . K )  
A LL2 . K= C FUN2 . JK/Y2 . K )  
A S 1 . K= C FUN 1 . JK ) / ( EXP C T I ME . K ) ) 
A S2 . K = C FUN2 . JK ) / C EXP C T I ME . K ) ) 
A R 1 . K=Y 1 . K/EXP ( T I ME . K )  
A R2 . K=Y2 . K/EXP < T I ME . K >  
N T I ME=T I N  
N Y 1 =YO  
N Y2=YO  
PLOT S 1 , R 1 
PR I NT v 1 � v2 , s 1 , s2 , LL 1 , LL2 
C X0=2/Y0=35 . 00 1 9  
SPEC LENGTH=6/DT= . 0 1 /PLTPER= . 1 /PRTPER= . 1  
RUN X 0=2 Y Y0=35 . 00 1 9  
13J 
